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Abstract
Residual Network (ResNet) is undoubtedly a milestone in deep learning. ResNet is equipped
with shortcut connections between layers, and exhibits efficient training using simple first order
algorithms. Despite of the great empirical success, the reason behind is far from being well un-
derstood. In this paper, we study a two-layer non-overlapping convolutional ResNet. Training
such a network requires solving a non-convex optimization problem with a spurious local op-
timum. We show, however, that gradient descent combined with proper normalization, avoids
being trapped by the spurious local optimum, and converges to a global optimum in polyno-
mial time, when the weight of the first layer is initialized at 0, and that of the second layer is
initialized arbitrarily in a ball. Numerical experiments are provided to support our theory.
1 Introduction
Neural Networks have revolutionized a variety of real world applications in the past few years,
such as computer vision (Krizhevsky et al., 2012; Goodfellow et al., 2014; Long et al., 2015), natural
language processing (Graves et al., 2013; Bahdanau et al., 2014; Young et al., 2018), etc. Among
different types of networks, Residual Network (ResNet, He et al. (2016a)) is undoubted a milestone.
ResNet is equipped with shortcut connections, which skip layers in the forward step of an input.
Similar idea also appears in the Highway Networks (Srivastava et al., 2015), and further inspires
densely connected convolutional networks (Huang et al., 2017).
ResNet owes its great success to a surprisingly efficient training compared to the widely used
feedforward Convolutional Neural Networks (CNN, Krizhevsky et al. (2012)). Feedforward CNNs
are seldomly used with more than 30 layers in the existing literature. There are experimental re-
sults suggest that very deep feedforward CNNs are significantly slow to train, and yield worse
performance than their shallow counterparts (He et al., 2016a). However, simple first order algo-
rithms such as stochastic gradient descent and its variants are able to train ResNet with hundreds
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of layers, and achieve better performance than the state-of-the-art. For example, ResNet-152 (He
et al., 2016a), consisting of 152 layers, achieves a 19.38% top-1 error on ImageNet. He et al. (2016b)
also demonstrated a more aggressive ResNet-1001 on the CIFAR-10 data set with 1000 layers. It
achieves a 4.92% error — better than shallower ResNets such as ResNet-110.
Despite the great success and popularity of ResNet, the reason why it can be efficiently trained
is still largely unknown. One line of research empirically studies ResNet and provides intriguing
observations. Veit et al. (2016), for example, suggest that ResNet can be viewed as a collection of
weakly dependent smaller networks of varying sizes. More interestingly, they reveal that these
smaller networks alleviate the vanishing gradient problem. Balduzzi et al. (2017) further elaborate
on the vanishing gradient problem. They show that the gradient in ResNet only decays sublinearly
in contrast to the exponential decay in feedforward neural networks. Recently, Li et al. (2018) visu-
alize the landscape of neural networks, and show that the shortcut connection yields a smoother
optimization landscape. In spite of these empirical evidences, rigorous theoretical justifications
are seriously lacking.
Another line of research theoretically investigates ResNet with simple network architectures.
Hardt and Ma (2016) show that linear ResNet has no spurious local optima (local optima that yield
larger objective values than the global optima). Later, Li and Yuan (2017) study using Stochastic
Gradient Descent (SGD) to train a two-layer ResNet with only one unknown layer. They show that
the optimization landscape has no spurious local optima and saddle points. They also character-
ize the local convergence of SGD around the global optimum. These results, however, are often
considered to be overoptimistic, due to the oversimplified assumptions.
To better understand ResNet, we study a two-layer non-overlapping convolutional neural net-
work, whose optimization landscape contains a spurious local optimum. Such a network was first
studied in Du et al. (2017). Specifically, we consider
g(v,a,Z) = a>σ
(
Z>v
)
, (1)
where Z ∈ Rp×k is an input, a ∈ Rk ,v ∈ Rp are the output weight and the convolutional weight, re-
spectively, and σ is the element-wise ReLU activation. Since the ReLU activation is positive homo-
geneous, the weights a and v can arbitrarily scale with each other. Thus, we impose the assumption
‖v‖2 = 1 to make the neural network identifiable. We further decompose v = 1√p +w with 1 being
a vector of 1’s in Rp, and rewrite (1) as
f (w,a,Z) = a>σ
(
Z>
(
1√
p
+w
))
, (2)
Here 1√p represents the average pooling shortcut connection, which allows a direct interaction be-
tween the input Z and the output weight a.
We investigate the convergence of training ResNet by considering a realizable case. Specifically,
the training data is generated from a teacher network with true parameters a∗, v∗ with ‖v∗‖2 = 1.
We aim to recover the teacher neural network using a student network defined in (2) by solving an
2
optimization problem:
(ŵ, â) = argmin
w,a
1
2
EZ [f (w,a,Z)− g(v∗, a∗,Z)]2 , (3)
where Z is independent Gaussian input. Although largely simplified, (3) is nonconvex and pos-
sesses a nuisance — There exists a spurious local optimum (see an explicit characterization in Sec-
tion 2). Early work, Du et al. (2017), show that when the student network has the same architecture
as the teacher network, GD with random initialization can be trapped in a spurious local optimum
with a constant probability1. A natural question here is
Does the shortcut connection ease the training?
This paper suggests a positive answer: When initialized with w = 0 and a arbitrarily in a ball,
GD with proper normalization converges to a global optimum of (3) in polynomial time, under
the assumption that (v∗)>
(
1√
p
)
is close to 1. Such an assumption requires that there exists a w∗ of
relatively small magnitude, such that v∗ = 1√p +w
∗. This assumption is supported by both empirical
and theoretical evidences. Specifically, the experiments in Li et al. (2016) and Yu et al. (2018), show
that the weight in well-trained deep ResNet has a small magnitude, and the weight for each layer
has vanishing norm as the depth tends to infinity. Hardt and Ma (2016) suggest that, when using
linear ResNet to approximate linear transformations, the norm of the weight in each layer scales
as O(1/D) with D being the depth. Bartlett et al. (2018) further show that deep nonlinear ResNet,
with the norm of the weight of order O(logD/D), is sufficient to express differentiable functions
under certain regularity conditions. These results motivate us to assume w∗ is relatively small.
Our analysis shows that the convergence of GD exhibits 2 stages. Specifically, our initialization
guarantees w is sufficiently away from the spurious local optimum. In the first stage, with proper
step sizes, we show that the shortcut connection helps the algorithm avoid being attracted by the
spurious local optima. Meanwhile, the shortcut connection guides the algorithm to evolve towards
a global optimum. In the second stage, the algorithm enters the basin of attraction of the global
optimum. With properly chosen step sizes, w and a jointly converge to the global optimum.
Our analysis thus explains why ResNet benefits training, when the weights are simply initial-
ized at zero (Li et al., 2016), or using the Fixup initialization in Zhang et al. (2019). We remark
that our choice of step sizes is also related to learning rate warmup (Goyal et al., 2017), and other
learning rate schemes for more efficient training of neural networks (Smith, 2017; Smith and Topin,
2018). We refer readers to Section 5 for a more detailed discussion.
Notations: Given a vector v = (v1, . . . , vm)> ∈ Rm, we denote the Euclidean norm ‖v‖22 = v>v.
Given two vectors u,v ∈ Rd , we denote the angle between them as ∠(u,v) = arccos u>v‖u‖2‖v‖2 , and the
inner product as 〈u,v〉 = u>v. We denote 1 ∈ Rd as the vector of all the entries being 1. We also
denote B0(r) ∈Rd as the Euclidean ball centered at 0 with radius r.
1The probability is bounded between 1/4 and 3/4. Numerical experiments show that this probability can be as bad
as 1/2 with the worst configuration of a,v.
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<latexit sha1_base64="gfPX0UyRzMhAV/ReemPV2eXTI84=">AAACdHicjVFNT+MwFHQCLFBgt8CBAxy8VEisVuomCAlOKyQuHEGigLYukeM6rYUTB/sFVLn+BfvvuPEzuHDGLT2UjwMjWR7NvCc/z0tLKQxE0WMQzszOfZtfWKwtLa98/1FfXbswqtKMt5iSSl+l1HApCt4CAZJflZrTPJX8Mr05HvmXd1wboYpzGJS8k9NeITLBKHgpqf8nRvRy SiTPYJekSnbNIPeX/eeS+JqAKkmmKbPTlo3dH0vMrQZbOud+T3v3ztnh8OvVw2Gy54gWvT78SuqNqBmNgT+SeEIaaILTpP5AuopVOS+ASWpMO45K6FiqQTDJXY1UhpeU3dAeb3ta0Jybjh2H5vCOV7o4U9qfAvBYne6wNDejMX1lTqFv3nsj8TOvXUF22LGiKCvgBXt9KKskBoVHG8BdoTkDOfCEMi38rJj1qQ8Z/J5qPoT4/Zc/kou9Zhw147P9xtHfSRwLaBNto10UowN0hE7QKWohhp6CjQAHP4PncCtshDuvpWEw6VlHbxA2XwA8mcRy</latexit><latexit sha1_base64="gfPX0UyRzMhAV/ReemPV2eXTI84=">AAACdHicjVFNT+MwFHQCLFBgt8CBAxy8VEisVuomCAlOKyQuHEGigLYukeM6rYUTB/sFVLn+BfvvuPEzuHDGLT2UjwMjWR7NvCc/z0tLKQxE0WMQzszOfZtfWKwtLa98/1FfXbswqtKMt5iSSl+l1HApCt4CAZJflZrTPJX8Mr05HvmXd1wboYpzGJS8k9NeITLBKHgpqf8nRvRy SiTPYJekSnbNIPeX/eeS+JqAKkmmKbPTlo3dH0vMrQZbOud+T3v3ztnh8OvVw2Gy54gWvT78SuqNqBmNgT+SeEIaaILTpP5AuopVOS+ASWpMO45K6FiqQTDJXY1UhpeU3dAeb3ta0Jybjh2H5vCOV7o4U9qfAvBYne6wNDejMX1lTqFv3nsj8TOvXUF22LGiKCvgBXt9KKskBoVHG8BdoTkDOfCEMi38rJj1qQ8Z/J5qPoT4/Zc/kou9Zhw147P9xtHfSRwLaBNto10UowN0hE7QKWohhp6CjQAHP4PncCtshDuvpWEw6VlHbxA2XwA8mcRy</latexit><latexit sha1_base64="gfPX0UyRzMhAV/ReemPV2eXTI84=">AAACdHicjVFNT+MwFHQCLFBgt8CBAxy8VEisVuomCAlOKyQuHEGigLYukeM6rYUTB/sFVLn+BfvvuPEzuHDGLT2UjwMjWR7NvCc/z0tLKQxE0WMQzszOfZtfWKwtLa98/1FfXbswqtKMt5iSSl+l1HApCt4CAZJflZrTPJX8Mr05HvmXd1wboYpzGJS8k9NeITLBKHgpqf8nRvRy SiTPYJekSnbNIPeX/eeS+JqAKkmmKbPTlo3dH0vMrQZbOud+T3v3ztnh8OvVw2Gy54gWvT78SuqNqBmNgT+SeEIaaILTpP5AuopVOS+ASWpMO45K6FiqQTDJXY1UhpeU3dAeb3ta0Jybjh2H5vCOV7o4U9qfAvBYne6wNDejMX1lTqFv3nsj8TOvXUF22LGiKCvgBXt9KKskBoVHG8BdoTkDOfCEMi38rJj1qQ8Z/J5qPoT4/Zc/kou9Zhw147P9xtHfSRwLaBNto10UowN0hE7QKWohhp6CjQAHP4PncCtshDuvpWEw6VlHbxA2XwA8mcRy</latexit><latexit sha1_base64="gfPX0UyRzMhAV/ReemPV2eXTI84=">AAACdHicjVFNT+MwFHQCLFBgt8CBAxy8VEisVuomCAlOKyQuHEGigLYukeM6rYUTB/sFVLn+BfvvuPEzuHDGLT2UjwMjWR7NvCc/z0tLKQxE0WMQzszOfZtfWKwtLa98/1FfXbswqtKMt5iSSl+l1HApCt4CAZJflZrTPJX8Mr05HvmXd1wboYpzGJS8k9NeITLBKHgpqf8nRvRy SiTPYJekSnbNIPeX/eeS+JqAKkmmKbPTlo3dH0vMrQZbOud+T3v3ztnh8OvVw2Gy54gWvT78SuqNqBmNgT+SeEIaaILTpP5AuopVOS+ASWpMO45K6FiqQTDJXY1UhpeU3dAeb3ta0Jybjh2H5vCOV7o4U9qfAvBYne6wNDejMX1lTqFv3nsj8TOvXUF22LGiKCvgBXt9KKskBoVHG8BdoTkDOfCEMi38rJj1qQ8Z/J5qPoT4/Zc/kou9Zhw147P9xtHfSRwLaBNto10UowN0hE7QKWohhp6CjQAHP4PncCtshDuvpWEw6VlHbxA2XwA8mcRy</latexit>
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◆
<latexit sha1_base64="4r+/1xwzIpBOJb+GmCVyGaKp+fA=">AAACdHicjVHLThsxFPUMj9LwaAoLFrAwREggpHQmqtSuqkjdsAwSAUQcRh7Hk1h4xlP7TqvI8Rf079j1M9iwrhOyCI8FR7J8dM698vW5aSmFgSj6F4RLyyurH9Y+1tY3Nrc+1T9vXxpVaca7TEmlr1NquBQF74IAya9LzWmeSn6V3v2c+le/uTZCFRcwLnk/p8NCZIJR8FJS/0uM GOaUSJ7BMUmVHJhx7i9745LWLQFVkkxTZhctG7svlphfGmzpnDtd9P44ZyeT91dPJknLES2GIzhJ6o2oGc2AX5N4Thpojk5SvycDxaqcF8AkNaYXRyX0LdUgmOSuRirDS8ru6JD3PC1ozk3fzkJz+MgrA5wp7U8BeKYudliam+mYvjKnMDIvvan4lterIPvet6IoK+AFe3ooqyQGhacbwAOhOQM59oQyLfysmI2oDxn8nmo+hPjll1+Ty1Yzjprx+ddG+8c8jjW0hw7RMYrRN9RGZ6iDuoihh2A3wMFB8Bjuh43w6Kk0DOY9O+gZwuZ/PozEcw==</latexit><latexit sha1_base64="4r+/1xwzIpBOJb+GmCVyGaKp+fA=">AAACdHicjVHLThsxFPUMj9LwaAoLFrAwREggpHQmqtSuqkjdsAwSAUQcRh7Hk1h4xlP7TqvI8Rf079j1M9iwrhOyCI8FR7J8dM698vW5aSmFgSj6F4RLyyurH9Y+1tY3Nrc+1T9vXxpVaca7TEmlr1NquBQF74IAya9LzWmeSn6V3v2c+le/uTZCFRcwLnk/p8NCZIJR8FJS/0uM GOaUSJ7BMUmVHJhx7i9745LWLQFVkkxTZhctG7svlphfGmzpnDtd9P44ZyeT91dPJknLES2GIzhJ6o2oGc2AX5N4Thpojk5SvycDxaqcF8AkNaYXRyX0LdUgmOSuRirDS8ru6JD3PC1ozk3fzkJz+MgrA5wp7U8BeKYudliam+mYvjKnMDIvvan4lterIPvet6IoK+AFe3ooqyQGhacbwAOhOQM59oQyLfysmI2oDxn8nmo+hPjll1+Ty1Yzjprx+ddG+8c8jjW0hw7RMYrRN9RGZ6iDuoihh2A3wMFB8Bjuh43w6Kk0DOY9O+gZwuZ/PozEcw==</latexit><latexit sha1_base64="4r+/1xwzIpBOJb+GmCVyGaKp+fA=">AAACdHicjVHLThsxFPUMj9LwaAoLFrAwREggpHQmqtSuqkjdsAwSAUQcRh7Hk1h4xlP7TqvI8Rf079j1M9iwrhOyCI8FR7J8dM698vW5aSmFgSj6F4RLyyurH9Y+1tY3Nrc+1T9vXxpVaca7TEmlr1NquBQF74IAya9LzWmeSn6V3v2c+le/uTZCFRcwLnk/p8NCZIJR8FJS/0uM GOaUSJ7BMUmVHJhx7i9745LWLQFVkkxTZhctG7svlphfGmzpnDtd9P44ZyeT91dPJknLES2GIzhJ6o2oGc2AX5N4Thpojk5SvycDxaqcF8AkNaYXRyX0LdUgmOSuRirDS8ru6JD3PC1ozk3fzkJz+MgrA5wp7U8BeKYudliam+mYvjKnMDIvvan4lterIPvet6IoK+AFe3ooqyQGhacbwAOhOQM59oQyLfysmI2oDxn8nmo+hPjll1+Ty1Yzjprx+ddG+8c8jjW0hw7RMYrRN9RGZ6iDuoihh2A3wMFB8Bjuh43w6Kk0DOY9O+gZwuZ/PozEcw==</latexit><latexit sha1_base64="4r+/1xwzIpBOJb+GmCVyGaKp+fA=">AAACdHicjVHLThsxFPUMj9LwaAoLFrAwREggpHQmqtSuqkjdsAwSAUQcRh7Hk1h4xlP7TqvI8Rf079j1M9iwrhOyCI8FR7J8dM698vW5aSmFgSj6F4RLyyurH9Y+1tY3Nrc+1T9vXxpVaca7TEmlr1NquBQF74IAya9LzWmeSn6V3v2c+le/uTZCFRcwLnk/p8NCZIJR8FJS/0uM GOaUSJ7BMUmVHJhx7i9745LWLQFVkkxTZhctG7svlphfGmzpnDtd9P44ZyeT91dPJknLES2GIzhJ6o2oGc2AX5N4Thpojk5SvycDxaqcF8AkNaYXRyX0LdUgmOSuRirDS8ru6JD3PC1ozk3fzkJz+MgrA5wp7U8BeKYudliam+mYvjKnMDIvvan4lterIPvet6IoK+AFe3ooqyQGhacbwAOhOQM59oQyLfysmI2oDxn8nmo+hPjll1+Ty1Yzjprx+ddG+8c8jjW0hw7RMYrRN9RGZ6iDuoihh2A3wMFB8Bjuh43w6Kk0DOY9O+gZwuZ/PozEcw==</latexit>
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◆
<latexit sha1_base64="QOqafpyVC3DML3edGNuDje8WkuM=">AAACdHicjVHBbhMxFPQuLS1poQscOLQHt1GkIKR0NyDBCVXiwrGVmrZqHFZex5tY8a4X+y0ocvwF/bve+AwunHHSHNKEAyNZHs28Jz/PyyopDMTxryB8srX9dGf3WWNv//mLg+jlqyujas14jymp9E1GDZei5D0QIPlNpTktMsmvs8mXuX/9g2sjVHkJ04oPCjoqRS4YBS+l0R0x YlRQInkObZIpOTTTwl/21qXvvxFQFck1ZXbVsok7tcR812Ar59y7Ve+nc3Y2+//q2SztOqLFaAxv06gZd+IF8CZJlqSJljhPo3syVKwueAlMUmP6SVzBwFINgknuGqQ2vKJsQke872lJC24GdhGawy2vDHGutD8l4IW62mFpYeZj+sqCwtise3PxX16/hvzTwIqyqoGX7OGhvJYYFJ5vAA+F5gzk1BPKtPCzYjamPmTwe2r4EJL1L2+Sq24niTvJxYfm2edlHLvoEJ2gNkrQR3SGvqJz1EMM/Q7eBDg4Dv6ER2EzbD2UhsGy5zV6hLDzF0B/xHQ=</latexit><latexit sha1_base64="QOqafpyVC3DML3edGNuDje8WkuM=">AAACdHicjVHBbhMxFPQuLS1poQscOLQHt1GkIKR0NyDBCVXiwrGVmrZqHFZex5tY8a4X+y0ocvwF/bve+AwunHHSHNKEAyNZHs28Jz/PyyopDMTxryB8srX9dGf3WWNv//mLg+jlqyujas14jymp9E1GDZei5D0QIPlNpTktMsmvs8mXuX/9g2sjVHkJ04oPCjoqRS4YBS+l0R0x YlRQInkObZIpOTTTwl/21qXvvxFQFck1ZXbVsok7tcR812Ar59y7Ve+nc3Y2+//q2SztOqLFaAxv06gZd+IF8CZJlqSJljhPo3syVKwueAlMUmP6SVzBwFINgknuGqQ2vKJsQke872lJC24GdhGawy2vDHGutD8l4IW62mFpYeZj+sqCwtise3PxX16/hvzTwIqyqoGX7OGhvJYYFJ5vAA+F5gzk1BPKtPCzYjamPmTwe2r4EJL1L2+Sq24niTvJxYfm2edlHLvoEJ2gNkrQR3SGvqJz1EMM/Q7eBDg4Dv6ER2EzbD2UhsGy5zV6hLDzF0B/xHQ=</latexit><latexit sha1_base64="QOqafpyVC3DML3edGNuDje8WkuM=">AAACdHicjVHBbhMxFPQuLS1poQscOLQHt1GkIKR0NyDBCVXiwrGVmrZqHFZex5tY8a4X+y0ocvwF/bve+AwunHHSHNKEAyNZHs28Jz/PyyopDMTxryB8srX9dGf3WWNv//mLg+jlqyujas14jymp9E1GDZei5D0QIPlNpTktMsmvs8mXuX/9g2sjVHkJ04oPCjoqRS4YBS+l0R0x YlRQInkObZIpOTTTwl/21qXvvxFQFck1ZXbVsok7tcR812Ar59y7Ve+nc3Y2+//q2SztOqLFaAxv06gZd+IF8CZJlqSJljhPo3syVKwueAlMUmP6SVzBwFINgknuGqQ2vKJsQke872lJC24GdhGawy2vDHGutD8l4IW62mFpYeZj+sqCwtise3PxX16/hvzTwIqyqoGX7OGhvJYYFJ5vAA+F5gzk1BPKtPCzYjamPmTwe2r4EJL1L2+Sq24niTvJxYfm2edlHLvoEJ2gNkrQR3SGvqJz1EMM/Q7eBDg4Dv6ER2EzbD2UhsGy5zV6hLDzF0B/xHQ=</latexit><latexit sha1_base64="QOqafpyVC3DML3edGNuDje8WkuM=">AAACdHicjVHBbhMxFPQuLS1poQscOLQHt1GkIKR0NyDBCVXiwrGVmrZqHFZex5tY8a4X+y0ocvwF/bve+AwunHHSHNKEAyNZHs28Jz/PyyopDMTxryB8srX9dGf3WWNv//mLg+jlqyujas14jymp9E1GDZei5D0QIPlNpTktMsmvs8mXuX/9g2sjVHkJ04oPCjoqRS4YBS+l0R0x YlRQInkObZIpOTTTwl/21qXvvxFQFck1ZXbVsok7tcR812Ar59y7Ve+nc3Y2+//q2SztOqLFaAxv06gZd+IF8CZJlqSJljhPo3syVKwueAlMUmP6SVzBwFINgknuGqQ2vKJsQke872lJC24GdhGawy2vDHGutD8l4IW62mFpYeZj+sqCwtise3PxX16/hvzTwIqyqoGX7OGhvJYYFJ5vAA+F5gzk1BPKtPCzYjamPmTwe2r4EJL1L2+Sq24niTvJxYfm2edlHLvoEJ2gNkrQR3SGvqJz1EMM/Q7eBDg4Dv6ER2EzbD2UhsGy5zV6hLDzF0B/xHQ=</latexit>
BN<latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit>BN<latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit> BN<latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit><latexit sha1_base64="nPQKrRLux5l8JqsezPnSA5j4+c8=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqez2osdSL56kgv2AdinZNNvGZpMlyQpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzwkRwYz3vGxU2Nre2d4q7pb39g8Oj8vFJ26hUU9aiSijdDYlhgkvWstwK1k00I3EoWCec3Mz9zhPThiv5YKcJC2IykjzilFgntfthhBt3g3LFq3oL 4HXi56QCOZqD8ld/qGgaM2mpIMb0fC+xQUa05VSwWamfGpYQOiEj1nNUkpiZIFtcO8MXThniSGlX0uKF+nsiI7Ex0zh0nTGxY7PqzcX/vF5qo+sg4zJJLZN0uShKBbYKz1/HQ64ZtWLqCKGau1sxHRNNqHUBlVwI/urL66Rdq/pe1b+vVeqNPI4inME5XIIPV1CHW2hCCyg8wjO8whtS6AW9o49lawHlM6fwB+jzB7LGjog=</latexit>
Z1<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> Z2<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> Z3<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
a⇤1<latexit sha1_base64="KeNWQsvRQNN7p1SVjfUwyfGgRvs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeClx4rmLbQxrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/ +N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJEPZpJiENOh5BFn1FjJp4+Xfa9fqbo1dw6ySryCVKFAs1/56g0SlsUoDRNU667npibIqTKcCZyWe5nGlLIxHWLXUklj1EE+P3ZKzq0yIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlug5zLNDMo2WJRlAliEjL7nA y4QmbExBLKFLe3EjaiijJj8ynbELzll1dJ66rmuTXv/rpabxRxlOAUzuACPLiBOjSgCT4w4PAMr/DmSOfFeXc+Fq1rTjFzAn/gfP4ABKWOKw==</latexit><latexit sha1_base64="KeNWQsvRQNN7p1SVjfUwyfGgRvs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeClx4rmLbQxrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/ +N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJEPZpJiENOh5BFn1FjJp4+Xfa9fqbo1dw6ySryCVKFAs1/56g0SlsUoDRNU667npibIqTKcCZyWe5nGlLIxHWLXUklj1EE+P3ZKzq0yIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlug5zLNDMo2WJRlAliEjL7nA y4QmbExBLKFLe3EjaiijJj8ynbELzll1dJ66rmuTXv/rpabxRxlOAUzuACPLiBOjSgCT4w4PAMr/DmSOfFeXc+Fq1rTjFzAn/gfP4ABKWOKw==</latexit><latexit sha1_base64="KeNWQsvRQNN7p1SVjfUwyfGgRvs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeClx4rmLbQxrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/ +N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJEPZpJiENOh5BFn1FjJp4+Xfa9fqbo1dw6ySryCVKFAs1/56g0SlsUoDRNU667npibIqTKcCZyWe5nGlLIxHWLXUklj1EE+P3ZKzq0yIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlug5zLNDMo2WJRlAliEjL7nA y4QmbExBLKFLe3EjaiijJj8ynbELzll1dJ66rmuTXv/rpabxRxlOAUzuACPLiBOjSgCT4w4PAMr/DmSOfFeXc+Fq1rTjFzAn/gfP4ABKWOKw==</latexit><latexit sha1_base64="KeNWQsvRQNN7p1SVjfUwyfGgRvs=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KIoMeClx4rmLbQxrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/ +N2zYHbX0w8Hhvhpl5YSq4Nq777aytb2xubZd2yrt7+weHlaPjlk4yxdBniUhUJ6QaBZfoG24EdlKFNA4FtsPx3cxvP6HSPJEPZpJiENOh5BFn1FjJp4+Xfa9fqbo1dw6ySryCVKFAs1/56g0SlsUoDRNU667npibIqTKcCZyWe5nGlLIxHWLXUklj1EE+P3ZKzq0yIFGibElD5urviZzGWk/i0HbG1Iz0sjcT//O6mYlug5zLNDMo2WJRlAliEjL7nA y4QmbExBLKFLe3EjaiijJj8ynbELzll1dJ66rmuTXv/rpabxRxlOAUzuACPLiBOjSgCT4w4PAMr/DmSOfFeXc+Fq1rTjFzAn/gfP4ABKWOKw==</latexit> a
⇤
2<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> a
⇤
3
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
 (Z>1 v
⇤)
<latexit sha1_base64="7W7Y5VqM8k4X7cq+JPHUw+arDWc=">AAACFnicbV DLSsNAFJ3UV62vqEs3wSJUwZKIoMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+CtuXCjiVtz5N07aLGrrgWEO59zLvfd4MSVCmuaPVlpb39jcKm9Xdnb39g/0w6OO YAlHuI0YZbznQYEpiXBbEklxL+YYhh7FXW98l/vdCeaCsOhBTmPshHAYkYAgKJXk6pe2IMMQ1myPUV9MQ/Wlj5lrDWzJ4kVxkg0uzl29atbNGYxVYhWkCgq0XP 3b9hlKQhxJRKEQfcuMpZNCLgmiOKvYicAxRGM4xH1FIxhi4aSzszLjTCm+ETCuXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRj JOlUEYg4UbsaaAQ5RFIlWVEhWMsnr5LOVd0y69b9dbXRLOIogxNwCmrAAjegAZqgBdoAgSfwAt7Au/asvWof2ue8tKQVPcfgD7SvX4xAoDw=</latexit><latexit sha1_base64="7W7Y5VqM8k4X7cq+JPHUw+arDWc=">AAACFnicbV DLSsNAFJ3UV62vqEs3wSJUwZKIoMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+CtuXCjiVtz5N07aLGrrgWEO59zLvfd4MSVCmuaPVlpb39jcKm9Xdnb39g/0w6OO YAlHuI0YZbznQYEpiXBbEklxL+YYhh7FXW98l/vdCeaCsOhBTmPshHAYkYAgKJXk6pe2IMMQ1myPUV9MQ/Wlj5lrDWzJ4kVxkg0uzl29atbNGYxVYhWkCgq0XP 3b9hlKQhxJRKEQfcuMpZNCLgmiOKvYicAxRGM4xH1FIxhi4aSzszLjTCm+ETCuXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRj JOlUEYg4UbsaaAQ5RFIlWVEhWMsnr5LOVd0y69b9dbXRLOIogxNwCmrAAjegAZqgBdoAgSfwAt7Au/asvWof2ue8tKQVPcfgD7SvX4xAoDw=</latexit><latexit sha1_base64="7W7Y5VqM8k4X7cq+JPHUw+arDWc=">AAACFnicbV DLSsNAFJ3UV62vqEs3wSJUwZKIoMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+CtuXCjiVtz5N07aLGrrgWEO59zLvfd4MSVCmuaPVlpb39jcKm9Xdnb39g/0w6OO YAlHuI0YZbznQYEpiXBbEklxL+YYhh7FXW98l/vdCeaCsOhBTmPshHAYkYAgKJXk6pe2IMMQ1myPUV9MQ/Wlj5lrDWzJ4kVxkg0uzl29atbNGYxVYhWkCgq0XP 3b9hlKQhxJRKEQfcuMpZNCLgmiOKvYicAxRGM4xH1FIxhi4aSzszLjTCm+ETCuXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRj JOlUEYg4UbsaaAQ5RFIlWVEhWMsnr5LOVd0y69b9dbXRLOIogxNwCmrAAjegAZqgBdoAgSfwAt7Au/asvWof2ue8tKQVPcfgD7SvX4xAoDw=</latexit><latexit sha1_base64="7W7Y5VqM8k4X7cq+JPHUw+arDWc=">AAACFnicbV DLSsNAFJ3UV62vqEs3wSJUwZKIoMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+CtuXCjiVtz5N07aLGrrgWEO59zLvfd4MSVCmuaPVlpb39jcKm9Xdnb39g/0w6OO YAlHuI0YZbznQYEpiXBbEklxL+YYhh7FXW98l/vdCeaCsOhBTmPshHAYkYAgKJXk6pe2IMMQ1myPUV9MQ/Wlj5lrDWzJ4kVxkg0uzl29atbNGYxVYhWkCgq0XP 3b9hlKQhxJRKEQfcuMpZNCLgmiOKvYicAxRGM4xH1FIxhi4aSzszLjTCm+ETCuXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRj JOlUEYg4UbsaaAQ5RFIlWVEhWMsnr5LOVd0y69b9dbXRLOIogxNwCmrAAjegAZqgBdoAgSfwAt7Au/asvWof2ue8tKQVPcfgD7SvX4xAoDw=</latexit>
 (Z>2 v
⇤)
<latexit sha1_base64="6x75/lytZPbqNdG7afwtmLQHLks=">AAACFnicbVDLSsNAFJ34rPUVdekmWIQqWJIi6LLgpssK9oFNGiaTSTt0kgkzk0IJ+Qo3/oo bF4q4FXf+jZM2i9p6YJjDOfdy7z1eTImQpvmjra1vbG5tl3bKu3v7B4f60XFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+y/3uBHNBWPQgpzF2QjiMSEAQlEpy9StbkGEIq7bHqC+mofrSx8ytD2zJ4kVxkg0uL1y9YtbMGYxVYhWkAgq0XP3b9hlKQhxJRKEQfcuMpZNCLgmiOCvbicAxRGM4xH1FIxhi4aSzszLjXCm+ETC uXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRjJOlUEYg4UbsaaAQ5RFIlWVYhWMsnr5JOvWaZNev+utJoFnGUwCk4A1VggRvQAE3QAm2AwBN4AW/gXXvWXrUP7XNeuqYVPSfgD7SvX43aoD0=</latexit><latexit sha1_base64="6x75/lytZPbqNdG7afwtmLQHLks=">AAACFnicbVDLSsNAFJ34rPUVdekmWIQqWJIi6LLgpssK9oFNGiaTSTt0kgkzk0IJ+Qo3/oo bF4q4FXf+jZM2i9p6YJjDOfdy7z1eTImQpvmjra1vbG5tl3bKu3v7B4f60XFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+y/3uBHNBWPQgpzF2QjiMSEAQlEpy9StbkGEIq7bHqC+mofrSx8ytD2zJ4kVxkg0uL1y9YtbMGYxVYhWkAgq0XP3b9hlKQhxJRKEQfcuMpZNCLgmiOCvbicAxRGM4xH1FIxhi4aSzszLjXCm+ETC uXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRjJOlUEYg4UbsaaAQ5RFIlWVYhWMsnr5JOvWaZNev+utJoFnGUwCk4A1VggRvQAE3QAm2AwBN4AW/gXXvWXrUP7XNeuqYVPSfgD7SvX43aoD0=</latexit><latexit sha1_base64="6x75/lytZPbqNdG7afwtmLQHLks=">AAACFnicbVDLSsNAFJ34rPUVdekmWIQqWJIi6LLgpssK9oFNGiaTSTt0kgkzk0IJ+Qo3/oo bF4q4FXf+jZM2i9p6YJjDOfdy7z1eTImQpvmjra1vbG5tl3bKu3v7B4f60XFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+y/3uBHNBWPQgpzF2QjiMSEAQlEpy9StbkGEIq7bHqC+mofrSx8ytD2zJ4kVxkg0uL1y9YtbMGYxVYhWkAgq0XP3b9hlKQhxJRKEQfcuMpZNCLgmiOCvbicAxRGM4xH1FIxhi4aSzszLjXCm+ETC uXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRjJOlUEYg4UbsaaAQ5RFIlWVYhWMsnr5JOvWaZNev+utJoFnGUwCk4A1VggRvQAE3QAm2AwBN4AW/gXXvWXrUP7XNeuqYVPSfgD7SvX43aoD0=</latexit><latexit sha1_base64="6x75/lytZPbqNdG7afwtmLQHLks=">AAACFnicbVDLSsNAFJ34rPUVdekmWIQqWJIi6LLgpssK9oFNGiaTSTt0kgkzk0IJ+Qo3/oo bF4q4FXf+jZM2i9p6YJjDOfdy7z1eTImQpvmjra1vbG5tl3bKu3v7B4f60XFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+y/3uBHNBWPQgpzF2QjiMSEAQlEpy9StbkGEIq7bHqC+mofrSx8ytD2zJ4kVxkg0uL1y9YtbMGYxVYhWkAgq0XP3b9hlKQhxJRKEQfcuMpZNCLgmiOCvbicAxRGM4xH1FIxhi4aSzszLjXCm+ETC uXiSNmbrYkcJQ5NupyhDKkVj2cvE/r5/I4NZJSRQnEkdoPihIqCGZkWdk+IRjJOlUEYg4UbsaaAQ5RFIlWVYhWMsnr5JOvWaZNev+utJoFnGUwCk4A1VggRvQAE3QAm2AwBN4AW/gXXvWXrUP7XNeuqYVPSfgD7SvX43aoD0=</latexit>
 (Z>3 v
⇤)
<latexit sha1_base64="WxxQrjnCPGdmILd3OFFwToXA8Cg=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUwZKooMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+Ct uXCjiVtz5N07aLGr1wDCHc+7l3nu8mBIhTfNbK62srq1vlDcrW9s7u3v6/kFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+zf3uBHNBWHQvpzF2QjiMSEAQlEpy9XNbkGEIa7bHqC+mofrSh8y9HNiSxYviJBucnbp61aybMxh/iVWQKijQcvUv22coCXEkEYVC9C0zlk4KuSSI4qxiJwLHEI3hEPcVjWCIhZPOzsqME6X4RsC 4epE0ZupiRwpDkW+nKkMoR2LZy8X/vH4igxsnJVGcSByh+aAgoYZkRp6R4ROOkaRTRSDiRO1qoBHkEEmVZEWFYC2f/Jd0LuqWWbfurqqNZhFHGRyBY1ADFrgGDdAELdAGCDyCZ/AK3rQn7UV71z7mpSWt6DkEv6B9/gCPdKA+</latexit><latexit sha1_base64="WxxQrjnCPGdmILd3OFFwToXA8Cg=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUwZKooMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+Ct uXCjiVtz5N07aLGr1wDCHc+7l3nu8mBIhTfNbK62srq1vlDcrW9s7u3v6/kFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+zf3uBHNBWHQvpzF2QjiMSEAQlEpy9XNbkGEIa7bHqC+mofrSh8y9HNiSxYviJBucnbp61aybMxh/iVWQKijQcvUv22coCXEkEYVC9C0zlk4KuSSI4qxiJwLHEI3hEPcVjWCIhZPOzsqME6X4RsC 4epE0ZupiRwpDkW+nKkMoR2LZy8X/vH4igxsnJVGcSByh+aAgoYZkRp6R4ROOkaRTRSDiRO1qoBHkEEmVZEWFYC2f/Jd0LuqWWbfurqqNZhFHGRyBY1ADFrgGDdAELdAGCDyCZ/AK3rQn7UV71z7mpSWt6DkEv6B9/gCPdKA+</latexit><latexit sha1_base64="WxxQrjnCPGdmILd3OFFwToXA8Cg=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUwZKooMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+Ct uXCjiVtz5N07aLGr1wDCHc+7l3nu8mBIhTfNbK62srq1vlDcrW9s7u3v6/kFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+zf3uBHNBWHQvpzF2QjiMSEAQlEpy9XNbkGEIa7bHqC+mofrSh8y9HNiSxYviJBucnbp61aybMxh/iVWQKijQcvUv22coCXEkEYVC9C0zlk4KuSSI4qxiJwLHEI3hEPcVjWCIhZPOzsqME6X4RsC 4epE0ZupiRwpDkW+nKkMoR2LZy8X/vH4igxsnJVGcSByh+aAgoYZkRp6R4ROOkaRTRSDiRO1qoBHkEEmVZEWFYC2f/Jd0LuqWWbfurqqNZhFHGRyBY1ADFrgGDdAELdAGCDyCZ/AK3rQn7UV71z7mpSWt6DkEv6B9/gCPdKA+</latexit><latexit sha1_base64="WxxQrjnCPGdmILd3OFFwToXA8Cg=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSJUwZKooMuCmy4r2Ac2aZhMJu3QSSbMTAol5Cvc+Ct uXCjiVtz5N07aLGr1wDCHc+7l3nu8mBIhTfNbK62srq1vlDcrW9s7u3v6/kFHsIQj3EaMMt7zoMCURLgtiaS4F3MMQ4/irje+zf3uBHNBWHQvpzF2QjiMSEAQlEpy9XNbkGEIa7bHqC+mofrSh8y9HNiSxYviJBucnbp61aybMxh/iVWQKijQcvUv22coCXEkEYVC9C0zlk4KuSSI4qxiJwLHEI3hEPcVjWCIhZPOzsqME6X4RsC 4epE0ZupiRwpDkW+nKkMoR2LZy8X/vH4igxsnJVGcSByh+aAgoYZkRp6R4ROOkaRTRSDiRO1qoBHkEEmVZEWFYC2f/Jd0LuqWWbfurqqNZhFHGRyBY1ADFrgGDdAELdAGCDyCZ/AK3rQn7UV71z7mpSWt6DkEv6B9/gCPdKA+</latexit>
g(v⇤,a⇤,Z)
<latexit sha1_base64="5I3+vELxcQ6IXNNLmWhBrqiMq/g=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIjURQZcFN11WsA9sY5lMJ+3QySTMTAol5DPc+Ct uXCjitjv/xkmaRW29MMzhnHu55x43ZFQqy/oxCmvrG5tbxe3Szu7e/oF5eNSSQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtju+T/X2hAhJA/6opiFxfDTk1KMYKU31zathpecGbCCnvv7iSfJ8cblIoIzwkRq5XvyUnPfNslW1soKrwM5BGeTV6Juz3iDAkU+4wgxJ2bWtUDkxEopiRpJSL5IkRHiMhqSrIUc+kU6cHZbAM80MoBc I/biCGbs4ESNfpkZ1Z2pRLmsp+Z/WjZR358SUh5EiHM8XeRGDKoBpSnBABcGKTTVAWFDtFeIREggrnWVJh2Avn7wKWtdV26raDzflWj2PowhOwCmoABvcghqogwZoAgxewBv4AJ/Gq/FufBnf89aCkc8cgz9lzH4BiiOgtA==</latexit><latexit sha1_base64="5I3+vELxcQ6IXNNLmWhBrqiMq/g=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIjURQZcFN11WsA9sY5lMJ+3QySTMTAol5DPc+Ct uXCjitjv/xkmaRW29MMzhnHu55x43ZFQqy/oxCmvrG5tbxe3Szu7e/oF5eNSSQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtju+T/X2hAhJA/6opiFxfDTk1KMYKU31zathpecGbCCnvv7iSfJ8cblIoIzwkRq5XvyUnPfNslW1soKrwM5BGeTV6Juz3iDAkU+4wgxJ2bWtUDkxEopiRpJSL5IkRHiMhqSrIUc+kU6cHZbAM80MoBc I/biCGbs4ESNfpkZ1Z2pRLmsp+Z/WjZR358SUh5EiHM8XeRGDKoBpSnBABcGKTTVAWFDtFeIREggrnWVJh2Avn7wKWtdV26raDzflWj2PowhOwCmoABvcghqogwZoAgxewBv4AJ/Gq/FufBnf89aCkc8cgz9lzH4BiiOgtA==</latexit><latexit sha1_base64="5I3+vELxcQ6IXNNLmWhBrqiMq/g=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIjURQZcFN11WsA9sY5lMJ+3QySTMTAol5DPc+Ct uXCjitjv/xkmaRW29MMzhnHu55x43ZFQqy/oxCmvrG5tbxe3Szu7e/oF5eNSSQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtju+T/X2hAhJA/6opiFxfDTk1KMYKU31zathpecGbCCnvv7iSfJ8cblIoIzwkRq5XvyUnPfNslW1soKrwM5BGeTV6Juz3iDAkU+4wgxJ2bWtUDkxEopiRpJSL5IkRHiMhqSrIUc+kU6cHZbAM80MoBc I/biCGbs4ESNfpkZ1Z2pRLmsp+Z/WjZR358SUh5EiHM8XeRGDKoBpSnBABcGKTTVAWFDtFeIREggrnWVJh2Avn7wKWtdV26raDzflWj2PowhOwCmoABvcghqogwZoAgxewBv4AJ/Gq/FufBnf89aCkc8cgz9lzH4BiiOgtA==</latexit><latexit sha1_base64="5I3+vELxcQ6IXNNLmWhBrqiMq/g=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0WoIjURQZcFN11WsA9sY5lMJ+3QySTMTAol5DPc+Ct uXCjitjv/xkmaRW29MMzhnHu55x43ZFQqy/oxCmvrG5tbxe3Szu7e/oF5eNSSQSQwaeKABaLjIkkY5aSpqGKkEwqCfJeRtju+T/X2hAhJA/6opiFxfDTk1KMYKU31zathpecGbCCnvv7iSfJ8cblIoIzwkRq5XvyUnPfNslW1soKrwM5BGeTV6Juz3iDAkU+4wgxJ2bWtUDkxEopiRpJSL5IkRHiMhqSrIUc+kU6cHZbAM80MoBc I/biCGbs4ESNfpkZ1Z2pRLmsp+Z/WjZR358SUh5EiHM8XeRGDKoBpSnBABcGKTTVAWFDtFeIREggrnWVJh2Avn7wKWtdV26raDzflWj2PowhOwCmoABvcghqogwZoAgxewBv4AJ/Gq/FufBnf89aCkc8cgz9lzH4BiiOgtA==</latexit>
a1<latexit sha1_base64="RHAtDhPcb2pEnYqf605P0EQLt7Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkvWNtwI1ksUwygQrBtM73K/+8SU5rF8NLOE+RGOJQ85RWOlBxx6w2rNrbsLkHXi FaQGBVrD6tdgFNM0YtJQgVr3PTcxfobKcCrYvDJINUuQTnHM+pZKjJj2s8Wpc3JhlREJY2VLGrJQf09kGGk9iwLbGaGZ6FUvF//z+qkJb/2MyyQ1TNLlojAVxMQk/5uMuGLUiJklSBW3txI6QYXU2HQqNgRv9eV10rmqe27du7+uNZpFHGU4g3O4BA9uoAFNaEEbKIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AOpljY8=</latexit><latexit sha1_base64="RHAtDhPcb2pEnYqf605P0EQLt7Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkvWNtwI1ksUwygQrBtM73K/+8SU5rF8NLOE+RGOJQ85RWOlBxx6w2rNrbsLkHXi FaQGBVrD6tdgFNM0YtJQgVr3PTcxfobKcCrYvDJINUuQTnHM+pZKjJj2s8Wpc3JhlREJY2VLGrJQf09kGGk9iwLbGaGZ6FUvF//z+qkJb/2MyyQ1TNLlojAVxMQk/5uMuGLUiJklSBW3txI6QYXU2HQqNgRv9eV10rmqe27du7+uNZpFHGU4g3O4BA9uoAFNaEEbKIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AOpljY8=</latexit><latexit sha1_base64="RHAtDhPcb2pEnYqf605P0EQLt7Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkvWNtwI1ksUwygQrBtM73K/+8SU5rF8NLOE+RGOJQ85RWOlBxx6w2rNrbsLkHXi FaQGBVrD6tdgFNM0YtJQgVr3PTcxfobKcCrYvDJINUuQTnHM+pZKjJj2s8Wpc3JhlREJY2VLGrJQf09kGGk9iwLbGaGZ6FUvF//z+qkJb/2MyyQ1TNLlojAVxMQk/5uMuGLUiJklSBW3txI6QYXU2HQqNgRv9eV10rmqe27du7+uNZpFHGU4g3O4BA9uoAFNaEEbKIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AOpljY8=</latexit><latexit sha1_base64="RHAtDhPcb2pEnYqf605P0EQLt7Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPBS48V7Qe0oUy2m3bpZhN2N0IJ/QlePCji1V/kzX/jps1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqKGvTWMSqF6BmgkvWNtwI1ksUwygQrBtM73K/+8SU5rF8NLOE+RGOJQ85RWOlBxx6w2rNrbsLkHXi FaQGBVrD6tdgFNM0YtJQgVr3PTcxfobKcCrYvDJINUuQTnHM+pZKjJj2s8Wpc3JhlREJY2VLGrJQf09kGGk9iwLbGaGZ6FUvF//z+qkJb/2MyyQ1TNLlojAVxMQk/5uMuGLUiJklSBW3txI6QYXU2HQqNgRv9eV10rmqe27du7+uNZpFHGU4g3O4BA9uoAFNaEEbKIzhGV7hzRHOi/PufCxbS04xcwp/4Hz+AOpljY8=</latexit> a2<latexit sha1_base64="LRQT2hvt8Za4oqpkxy94DLKlIHY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzSxBP6JjyUPOqLHSAx3WhuWKW3WXIJvE y0kFcrSG5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i2VNELtZ8tT5+TKKiMSxsqWNGSp/p7IaKT1LApsZ0TNRK97C/E/r5+a8NbPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lUYzj6MIF3AJ1+BBHRrQhBa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD+vpjZA=</latexit><latexit sha1_base64="LRQT2hvt8Za4oqpkxy94DLKlIHY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzSxBP6JjyUPOqLHSAx3WhuWKW3WXIJvE y0kFcrSG5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i2VNELtZ8tT5+TKKiMSxsqWNGSp/p7IaKT1LApsZ0TNRK97C/E/r5+a8NbPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lUYzj6MIF3AJ1+BBHRrQhBa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD+vpjZA=</latexit><latexit sha1_base64="LRQT2hvt8Za4oqpkxy94DLKlIHY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzSxBP6JjyUPOqLHSAx3WhuWKW3WXIJvE y0kFcrSG5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i2VNELtZ8tT5+TKKiMSxsqWNGSp/p7IaKT1LApsZ0TNRK97C/E/r5+a8NbPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lUYzj6MIF3AJ1+BBHRrQhBa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD+vpjZA=</latexit><latexit sha1_base64="LRQT2hvt8Za4oqpkxy94DLKlIHY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKUI8FLz1WtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RS2tnd294r7pYPDo+OT8ulZR8epYthmsYhVL6AaBZfYNtwI7CUKaRQI7AbTu4XffUKleSwfzSxBP6JjyUPOqLHSAx3WhuWKW3WXIJvE y0kFcrSG5a/BKGZphNIwQbXue25i/Iwqw5nAeWmQakwom9Ix9i2VNELtZ8tT5+TKKiMSxsqWNGSp/p7IaKT1LApsZ0TNRK97C/E/r5+a8NbPuExSg5KtFoWpICYmi7/JiCtkRswsoUxxeythE6ooMzadkg3BW395k3RqVc+tevc3lUYzj6MIF3AJ1+BBHRrQhBa0gcEYnuEV3hzhvDjvzseqteDkM+fwB87nD+vpjZA=</latexit> a3<latexit sha1_base64="uSaxd2pA/wrvDxjbmxvISg+qxOE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ6uB+WKW3UXIOvE y0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9e5rlXojj6MIZ3AOl+DBDdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+1tjZE=</latexit><latexit sha1_base64="uSaxd2pA/wrvDxjbmxvISg+qxOE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ6uB+WKW3UXIOvE y0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9e5rlXojj6MIZ3AOl+DBDdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+1tjZE=</latexit><latexit sha1_base64="uSaxd2pA/wrvDxjbmxvISg+qxOE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ6uB+WKW3UXIOvE y0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9e5rlXojj6MIZ3AOl+DBDdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+1tjZE=</latexit><latexit sha1_base64="uSaxd2pA/wrvDxjbmxvISg+qxOE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0oMeClx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1FjpgQ6uB+WKW3UXIOvE y0kFcjQH5a/+MGZphNIwQbXueW5i/Iwqw5nAWamfakwom9AR9iyVNELtZ4tTZ+TCKkMSxsqWNGSh/p7IaKT1NApsZ0TNWK96c/E/r5ea8NbPuExSg5ItF4WpICYm87/JkCtkRkwtoUxxeythY6ooMzadkg3BW315nbSvqp5b9e5rlXojj6MIZ3AOl+DBDdShAU1oAYMRPMMrvDnCeXHenY9la8HJZ07hD5zPH+1tjZE=</latexit>
(a). Teacher Network
<latexit sha1_base64="OQOXrSukx9K6ekzDfJ+21MbLJXQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5B0o8uCG1dSpS9oQ5lMb9qhk0yYmSg1FH/FjQtF3Pof7v wbp20W2nrgwuGce7n3niDhTGnX/bZWVtfWNzYLW8Xtnd29ffvgsKlEKik0qOBCtgOigLMYGpppDu1EAokCDq1gdDX1W/cgFRNxXY8T8CMyiFnIKNFG6tnHZXLu4DoQOgSJb0A/CDnq2SXXcWfAy8TLSQnlqPXsr25f0DSCWFNOlOp4bqL9jEjNKIdJsZsqSAgdkQF0DI1JBMrPZtdP8JlR+jgU0lSs8Uz9PZGRSKlxFJjOiOihWvSm4n9eJ9XhpZ+xOE k1xHS+KEw51gJPo8B9JoFqPjaEUMnMrZgOiSRUm8CKJgRv8eVl0qw4nut4t5VS9S6Po4BO0CkqIw9doCq6RjXUQBQ9omf0it6sJ+vFerc+5q0rVj5zhP7A+vwB6B6URw==</latexit><latexit sha1_base64="OQOXrSukx9K6ekzDfJ+21MbLJXQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5B0o8uCG1dSpS9oQ5lMb9qhk0yYmSg1FH/FjQtF3Pof7v wbp20W2nrgwuGce7n3niDhTGnX/bZWVtfWNzYLW8Xtnd29ffvgsKlEKik0qOBCtgOigLMYGpppDu1EAokCDq1gdDX1W/cgFRNxXY8T8CMyiFnIKNFG6tnHZXLu4DoQOgSJb0A/CDnq2SXXcWfAy8TLSQnlqPXsr25f0DSCWFNOlOp4bqL9jEjNKIdJsZsqSAgdkQF0DI1JBMrPZtdP8JlR+jgU0lSs8Uz9PZGRSKlxFJjOiOihWvSm4n9eJ9XhpZ+xOE k1xHS+KEw51gJPo8B9JoFqPjaEUMnMrZgOiSRUm8CKJgRv8eVl0qw4nut4t5VS9S6Po4BO0CkqIw9doCq6RjXUQBQ9omf0it6sJ+vFerc+5q0rVj5zhP7A+vwB6B6URw==</latexit><latexit sha1_base64="OQOXrSukx9K6ekzDfJ+21MbLJXQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5B0o8uCG1dSpS9oQ5lMb9qhk0yYmSg1FH/FjQtF3Pof7v wbp20W2nrgwuGce7n3niDhTGnX/bZWVtfWNzYLW8Xtnd29ffvgsKlEKik0qOBCtgOigLMYGpppDu1EAokCDq1gdDX1W/cgFRNxXY8T8CMyiFnIKNFG6tnHZXLu4DoQOgSJb0A/CDnq2SXXcWfAy8TLSQnlqPXsr25f0DSCWFNOlOp4bqL9jEjNKIdJsZsqSAgdkQF0DI1JBMrPZtdP8JlR+jgU0lSs8Uz9PZGRSKlxFJjOiOihWvSm4n9eJ9XhpZ+xOE k1xHS+KEw51gJPo8B9JoFqPjaEUMnMrZgOiSRUm8CKJgRv8eVl0qw4nut4t5VS9S6Po4BO0CkqIw9doCq6RjXUQBQ9omf0it6sJ+vFerc+5q0rVj5zhP7A+vwB6B6URw==</latexit><latexit sha1_base64="OQOXrSukx9K6ekzDfJ+21MbLJXQ=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0Wom5B0o8uCG1dSpS9oQ5lMb9qhk0yYmSg1FH/FjQtF3Pof7v wbp20W2nrgwuGce7n3niDhTGnX/bZWVtfWNzYLW8Xtnd29ffvgsKlEKik0qOBCtgOigLMYGpppDu1EAokCDq1gdDX1W/cgFRNxXY8T8CMyiFnIKNFG6tnHZXLu4DoQOgSJb0A/CDnq2SXXcWfAy8TLSQnlqPXsr25f0DSCWFNOlOp4bqL9jEjNKIdJsZsqSAgdkQF0DI1JBMrPZtdP8JlR+jgU0lSs8Uz9PZGRSKlxFJjOiOihWvSm4n9eJ9XhpZ+xOE k1xHS+KEw51gJPo8B9JoFqPjaEUMnMrZgOiSRUm8CKJgRv8eVl0qw4nut4t5VS9S6Po4BO0CkqIw9doCq6RjXUQBQ9omf0it6sJ+vFerc+5q0rVj5zhP7A+vwB6B6URw==</latexit>
(b). Student Network
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Shortcut<latexit sha1_base64="1SPveuRjATbe2w5dipHANv35XZA=">AAACEHicbVC7TsMwFL0pr1JeAUYWiwrBVCVdYCywMBZBH1JTVY7rtFYdO7IdpCrqJ7DwKywMIMTKyMbf4LYZoOVIlo7OuQ/fEyacaeN5305hZXVtfaO4Wdra3tndc/cPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6o0kyKezNOaDfGA8EiRrCxUs89DQgVhqosCCN0aSvxgKK6lHbeIAjQ3VAqQ1Iz6bllr+LNgJaJn5My5Kj33K+gL0ka2+mEY607vpeYboaVYYTTSSlINU0wGdl9HUsFjqnuZrODJujEKn0USWWfMGim/u7Ic Kz1OA5tZYzNUC96U/E/r5Oa6KKbMZGkhgoyXxSlHBmJpumgPlOUGD62BBPF7F8RGWKFiY1Il2wI/uLJy6RZrfhexb+tlmtXeRxFOIJjOAMfzqEGN1CHBhB4hGd4hTfnyXlx3p2PeWnByXsO4Q+czx8BNJ0v</latexit><latexit sha1_base64="1SPveuRjATbe2w5dipHANv35XZA=">AAACEHicbVC7TsMwFL0pr1JeAUYWiwrBVCVdYCywMBZBH1JTVY7rtFYdO7IdpCrqJ7DwKywMIMTKyMbf4LYZoOVIlo7OuQ/fEyacaeN5305hZXVtfaO4Wdra3tndc/cPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6o0kyKezNOaDfGA8EiRrCxUs89DQgVhqosCCN0aSvxgKK6lHbeIAjQ3VAqQ1Iz6bllr+LNgJaJn5My5Kj33K+gL0ka2+mEY607vpeYboaVYYTTSSlINU0wGdl9HUsFjqnuZrODJujEKn0USWWfMGim/u7Ic Kz1OA5tZYzNUC96U/E/r5Oa6KKbMZGkhgoyXxSlHBmJpumgPlOUGD62BBPF7F8RGWKFiY1Il2wI/uLJy6RZrfhexb+tlmtXeRxFOIJjOAMfzqEGN1CHBhB4hGd4hTfnyXlx3p2PeWnByXsO4Q+czx8BNJ0v</latexit><latexit sha1_base64="1SPveuRjATbe2w5dipHANv35XZA=">AAACEHicbVC7TsMwFL0pr1JeAUYWiwrBVCVdYCywMBZBH1JTVY7rtFYdO7IdpCrqJ7DwKywMIMTKyMbf4LYZoOVIlo7OuQ/fEyacaeN5305hZXVtfaO4Wdra3tndc/cPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6o0kyKezNOaDfGA8EiRrCxUs89DQgVhqosCCN0aSvxgKK6lHbeIAjQ3VAqQ1Iz6bllr+LNgJaJn5My5Kj33K+gL0ka2+mEY607vpeYboaVYYTTSSlINU0wGdl9HUsFjqnuZrODJujEKn0USWWfMGim/u7Ic Kz1OA5tZYzNUC96U/E/r5Oa6KKbMZGkhgoyXxSlHBmJpumgPlOUGD62BBPF7F8RGWKFiY1Il2wI/uLJy6RZrfhexb+tlmtXeRxFOIJjOAMfzqEGN1CHBhB4hGd4hTfnyXlx3p2PeWnByXsO4Q+czx8BNJ0v</latexit><latexit sha1_base64="1SPveuRjATbe2w5dipHANv35XZA=">AAACEHicbVC7TsMwFL0pr1JeAUYWiwrBVCVdYCywMBZBH1JTVY7rtFYdO7IdpCrqJ7DwKywMIMTKyMbf4LYZoOVIlo7OuQ/fEyacaeN5305hZXVtfaO4Wdra3tndc/cPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6o0kyKezNOaDfGA8EiRrCxUs89DQgVhqosCCN0aSvxgKK6lHbeIAjQ3VAqQ1Iz6bllr+LNgJaJn5My5Kj33K+gL0ka2+mEY607vpeYboaVYYTTSSlINU0wGdl9HUsFjqnuZrODJujEKn0USWWfMGim/u7Ic Kz1OA5tZYzNUC96U/E/r5Oa6KKbMZGkhgoyXxSlHBmJpumgPlOUGD62BBPF7F8RGWKFiY1Il2wI/uLJy6RZrfhexb+tlmtXeRxFOIJjOAMfzqEGN1CHBhB4hGd4hTfnyXlx3p2PeWnByXsO4Q+czx8BNJ0v</latexit>v⇤1<latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit> v
⇤
2<latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit> v
⇤
3
<latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit>
v⇤4<latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit>v
⇤
1<latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS 8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iH VKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOy IVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRr UoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS 8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iH VKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOy IVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRr UoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS 8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iH VKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOy IVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRr UoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS 8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iH VKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOy IVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRr UoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit> v
⇤
2<latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS 8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYA aLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM 3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf04GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM 6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS 8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYA aLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM 3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf04GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM 6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS 8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYA aLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM 3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf04GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM 6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS 8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYA aLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM 3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf04GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM 6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit> v
⇤
3
<latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit>
v⇤4<latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3v w3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5 z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit> v
⇤
1<latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit><latexit sha1_base64="Ru1OEqL2VHuCHWyP9Kf0QK6QryY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBZBPJREBD0WvPRYwbSFNpbNdtou3WzC7qZQQn+DFw+KePUHef PfuG1z0NYHA4/3ZpiZFyaCa+O6305hY3Nre6e4W9rbPzg8Kh+fNHWcKoY+i0Ws2iHVKLhE33AjsJ0opFEosBWO7+d+a4JK81g+mmmCQUSHkg84o8ZK/qTnPV31yhW36i5A1omXkwrkaPTKX91+zNIIpWGCat3x3MQEGVWGM4GzUjfVmFA2pkPsWCpphDrIFsfOyIVV+mQQK1vSkIX6eyKjkdbTKLSdETUjverNxf+8TmoGd0HGZZIalGy5aJAKYmIy/5 z0uUJmxNQSyhS3txI2oooyY/Mp2RC81ZfXSfO66rlV7+GmUqvncRThDM7hEjy4hRrUoQE+MODwDK/w5kjnxXl3PpatBSefOYU/cD5/ACTdjkA=</latexit> v
⇤
2<latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit><latexit sha1_base64="kpMpYNEFiI15NgSjOt9GGKkqMxA=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5IUQY8FLz1WsB/QxrLZbtqlm03YnRRK6G/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzgkQKg6777Wxsbm3v7Bb2ivsHh0fHpZPTlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfD/32xOujYjVI04T7kd0qEQoGEUrNSf96tN1v1R2K+4CZJ14OSlDjka/9NUbxCyNuEImqTFdz03Qz6hGwSSfFXup4QllYzrkXUsVjbjxs8WxM3JplQEJY21LIVmovycyGhkzjQLbGVEcmVVvLv7ndVMM7/xMqCRFrthyUZhKgjGZf0 4GQnOGcmoJZVrYWwkbUU0Z2nyKNgRv9eV10qpWPLfiPdyUa/U8jgKcwwVcgQe3UIM6NKAJDAQ8wyu8Ocp5cd6dj2XrhpPPnMEfOJ8/JmOOQQ==</latexit> v
⇤
3
<latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit><latexit sha1_base64="ABZjq32roKGK6x+BOWrhh9HmhMI=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5KooMeClx4rmLbQxrLZTtqlm03Y3RRK6W/w4kERr/4gb/ 4bt20O2vpg4PHeDDPzwlRwbVz321lb39jc2i7sFHf39g8OS0fHDZ1kiqHPEpGoVkg1Ci7RN9wIbKUKaRwKbIbD+5nfHKHSPJGPZpxiENO+5BFn1FjJH3Wvny67pbJbcecgq8TLSRly1Lulr04vYVmM0jBBtW57bmqCCVWGM4HTYifTmFI2pH1sWyppjDqYzI+dknOr9EiUKFvSkLn6e2JCY63HcWg7Y2oGetmbif957cxEd8GEyzQzKNliUZQJYhIy+5 z0uEJmxNgSyhS3txI2oIoyY/Mp2hC85ZdXSeOq4rkV7+GmXK3lcRTgFM7gAjy4hSrUoA4+MODwDK/w5kjnxXl3Phata04+cwJ/4Hz+ACfpjkI=</latexit>
v⇤4<latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg 68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg 68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg 68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit><latexit sha1_base64="S96IdLqvStqJ3r6cMrAx9/NWhIo=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSKIh5JIQY8FLz1WMG2hjWWznbRLN5uwuymU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmhang2rjut7OxubW9s1vYK+4fHB4dl05OmzrJFEOfJSJR7ZBqFFyib7gR2E4V0jgU2ApH93O/NUaleSIfzSTFIKYDySPOqLGSP+5Vn657pbJbcRcg 68TLSRlyNHqlr24/YVmM0jBBte54bmqCKVWGM4GzYjfTmFI2ogPsWCppjDqYLo6dkUur9EmUKFvSkIX6e2JKY60ncWg7Y2qGetWbi/95ncxEd8GUyzQzKNlyUZQJYhIy/5z0uUJmxMQSyhS3txI2pIoyY/Mp2hC81ZfXSfOm4rkV76FartXzOApwDhdwBR7cQg3q0AAfGHB4hld4c6Tz4rw7H8vWDSefOYM/cD5/AClvjkM=</latexit>
Figure 2: Illustrative examples of the teacher and student networks with k = 3 and p = 4. BN notes
batch normalization.
2 Model and Algorithm
Model. We consider the realizable setting where the label is
generated from a noiseless teacher network in the following form
g(v∗, a∗,Z) =
∑k
j=1 a
∗
jσ
(
Z>j v∗
)
. (4)
Here v∗, a∗,Zj ’s are the true convolutional weight, true output
weight, and input. σ denotes the element-wise ReLU activation.
Our student network is defined in (2). For notational conve-
nience, we expand the second layer and rewrite (2) as
f (w,a,Z) =
∑k
j=1 ajσ
(
Z>j (1/
√
p+w)
)
, (5)
wherew ∈Rp, aj ∈R, and Zj ∈Rp for all j = 1,2, . . . , k. We assume
the input data Zj ’s are identically independently sampled from
N (0, I). Note that the above network is not identifiable, because
of the positive homogeneity of the ReLU function, that is
Convolution
  Layer
   Output
  Layer
+
<latexit sha1_base64="HFb7vPGXWshKfdtTiumEDK16me0=">AAAB6HicbVDLSgNBEOyNrxhfUY9 eBoMgCGE3CnoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgO JA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZ MbaEMsXtrYQNqaLM2GwKNgRv+eVV0qyUvctypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3LTjLM=</latexit>
Average Pooling
Shortcut
Z
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Figure 1: The non-overlapping
two layer residual network
with normalization layer.
1
√
p + w and a can scale with each other by any positive constant without changing the output
value. Thus, to achieve identifiability, instead of (5), we propose to train the following student
network,
f (w,a,Z) =
∑k
j=1 ajσ
(
Z>j
1/
√
p+w
‖1/√p+w‖2
)
. (6)
An illustration of (6) is provided in Figure 1. An example of the teacher network (4) and the student
network (6) is shown in Figure 2. We then recover (v∗, a∗) of our teacher network by solving a
nonconvex optimization problem
min
w,a
L(w,a) = 1
2
EZ [g(v
∗, a∗,Z)− f (w,a,Z)]2. (7)
4
Recall that we assume ‖v∗‖2 = 1. One can easily verify that (7) has global optima and spurious local
optima. The characterization is analogous to Du et al. (2017), although the objective is different.
Proposition 1. For any constant α > 0, (w,a) is a global optimum of (7), if 1√p +w = αv
∗ and a = a∗; (w,a)
is a spurious local optimum of (7), if 1√p +w = −αv∗ and a = (11> + (pi − 1)I)−1(11> − I)a∗.
The proof is adapted from Du et al. (2017), and the details are provided in Appendix B.1.
Now we formalize the assumption on v∗ in Section 1, which is supported by the theoretical and
empirical evidence in Li et al. (2016); Yu et al. (2018); Hardt and Ma (2016); Bartlett et al. (2018).
Assumption 1 (Shortcut Prior). There exists a w∗ with ‖w∗‖2 ≤ 1, such that v∗ = w∗ + 1√p .
Assumption 1 implies ( 1√p )
>v∗ ≥ 1/2. We remark that our analysis actually applies to any w∗
satisfying ‖w∗‖2 ≤ c for any positive constant c ∈ (0,
√
2). Here we consider ‖w∗‖2 ≤ 1 to ease the
presentation. Throughout the rest of the paper, we assume this assumption holds true.
GD with Normalization. We solve the optimization problem (7) by gradient descent. Specifi-
cally, at the (t +1)-th iteration, we compute
w˜t+1 = wt − ηw∇wL(wt , at),
wt+1 =
1√
p + w˜t+1∥∥∥∥ 1√p + w˜t+1∥∥∥∥2 −
1√
p
, (8)
at+1 = at − ηa∇aL(wt , at).
Note that we normalize 1√p + w in (8), which essentially guarantees Var
(
Z>j
(
1√
p +wt+1
))
= 1. As
Zj is sampled from N (0, I), we further have E
(
Z>j
(
1√
p +wt+1
))
= 0. The normalization step in (8)
can be viewed as a population version of the widely used batch normalization trick to accelerate
the training of neural networks (Ioffe and Szegedy, 2015). Moreover, (7) has one unique optimal
solution under such a normalization. Specifically, (w∗, a∗) is the unique global optimum, and (w¯, a¯)
is the only spurious local optimum along the solution path, where w¯ = −( 1√p ) − v∗ and a¯ = (11> +
(pi − 1)I)−1(11> − I)a∗.
We initialize our algorithm at (w0, a0) satisfying: w0 = 0 and a0 ∈ B0
(
|1>a∗|√
k
)
. We set a0 with a
magnitude of O
(
1√
k
)
to match common initialization techniques (Glorot and Bengio, 2010; LeCun
et al., 2012; He et al., 2015). We highlight that our algorithm starts with an arbitrary initialization
on a, which is different from random initialization. The step sizes ηa and ηw will be specified later
in our analysis.
5
(v⇤, a⇤)
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Unknown
<latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit>
Unknown
<latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit><latexit sha1_base64="QnZG9wUoCZaKBYUAzLDc9z0YDXM=" >AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2m56JHoxSMmFkigIdtlCxu2u83uFCUN/8SLB43x6j/x5r9xgR4UfMkkL+/NZGZelApuw PO+ndLG5tb2Tnm3srd/cHjkHp+0jMo0ZQFVQulORAwTXLIAOAjWSTUjSSRYOxrfzv32hGnDlXyAacrChAwljzklYKW+6/aAPUEU54E cS/UoZ3236tW8BfA68QtSRQWafferN1A0S5gEKogxXd9LIcyJBk4Fm1V6mWEpoWMyZF1LJUmYCfPF5TN8YZUBjpW2JQEv1N8TOUmMm SaR7UwIjMyqNxf/87oZxNdhzmWaAZN0uSjOBAaF5zHgAdeMgphaQqjm9lZMR0QTCjasig3BX315nbTqNd+r+ff1auOmiKOMztA5ukQ +ukINdIeaKEAUTdAzekVvTu68OO/Ox7K15BQzp+gPnM8fWVyUGg==</latexit> Converge
<latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=" >AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGP O/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKm kzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM 49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGv noBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit><latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=" >AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGP O/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKm kzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM 49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGv noBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit><latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=" >AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGP O/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKm kzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM 49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGv noBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit><latexit sha1_base64="3wRMsacLP2bohm1le/mzLZc9Pkg=" >AAAB+3icbVC7TsMwFHV4lvIKZWSxqJCYqqQLjBVdGItEH1IbVY7rtFYdO7JvUKuov8LCAEKs/Agbf4PTZoCWI1k6Oudc+/qEieAGP O/b2dre2d3bLx2UD4+OT07ds0rHqFRT1qZKKN0LiWGCS9YGDoL1Es1IHArWDafN3O8+MW24ko8wT1gQk7HkEacErDR0KwNgMwijrKm kzY3Zojx0q17NWwJvEr8gVVSgNXS/BiNF05hJoIIY0/e9BIKMaOBU2AsHqWEJoVMyZn1LJYmZCbLl7gt8ZZURjpS2RwJeqr8nMhIbM 49Dm4wJTMy6l4v/ef0Uotsg4zJJgUm6eihKBQaF8yLwiGtGQcwtIVRzuyumE6IJBVtXXoK//uVN0qnXfK/mP9SrjbuijhK6QJfoGv noBjXQPWqhNqJohp7RK3pzFs6L8+58rKJbTjFzjv7A+fwBLrqUgQ==</latexit>
Trapped
<latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=" >AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC 2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2 pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ 2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJy RC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit><latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=" >AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC 2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2 pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ 2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJy RC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit><latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=" >AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC 2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2 pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ 2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJy RC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit><latexit sha1_base64="/EHtYA7XrefhLRWBTxyuxW3GgRg=" >AAAB+nicbVC7TsNAEDyHVwgvB0oaiwiJKrLTQBlBQxmkvKTEis7ndXLK+aG7NRCZfAoNBQjR8iV0/A3nxAUkjLTSaGZXuzteIrhC 2/42ShubW9s75d3K3v7B4ZFZPe6qOJUMOiwWsex7VIHgEXSQo4B+IoGGnoCeN73J/d49SMXjqI2zBNyQjiMecEZRSyOzOkR4RC/I2 pImCfjzysis2XV7AWudOAWpkQKtkfk19GOWhhAhE1SpgWMn6GZUImcC5pVhqiChbErHMNA0oiEoN1ucPrfOteJbQSx1RWgt1N8TGQ 2VmoWe7gwpTtSql4v/eYMUgys341GSIkRsuShIhYWxledg+VwCQzHThDLJ9a0Wm1BJGeq08hCc1ZfXSbdRd+y6c9eoNa+LOMrklJy RC+KQS9Ikt6RFOoSRB/JMXsmb8WS8GO/Gx7K1ZBQzJ+QPjM8fY5KUDg==</latexit>
a>a⇤
<latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoig i6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5W qQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f /IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoig i6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5W qQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f /IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoig i6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5W qQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f /IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit><latexit sha1_base64="1+QS05McFvZAeGMtjK82U8KnkMI=">AAACAnicbVDLSsNAFJ34rPEVdSVuBosgLkoig i6LblxWsA9o0jKZTNqhk5kwMxFKKG78FTcuFHHrV7jzb5y0WWjrgWEO59zLvfeEKaNKu+63tbS8srq2XtmwN7e2d3advf2WEpnEpIkFE7ITIkUY5aSpqWakk0qCkpCRdji6Kfz2A5GKCn6vxykJEjTgNKYYaSP1nUM/FCxS48R8Oer5W qQQ9c4mtt13qm7NnQIuEq8kVVCi0Xe+/EjgLCFcY4aU6npuqoMcSU0xIxPbzxRJER6hAekaylFCVJBPT5jAE6NEMBbSPK7hVP3dkaNEFVuaygTpoZr3CvE/r5vp+CrIKU8zTTieDYozBrWARR4wopJgzcaGICyp2RXiIZIIa5NaEYI3f /IiaZ3XPLfm3V1U69dlHBVwBI7BKfDAJaiDW9AATYDBI3gGr+DNerJerHfrY1a6ZJU9B+APrM8fYE+Wuw==</latexit>
CNN
<latexit sha1_base64="dp3NbyJsbU4ZDY71lhimGQK axQU=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuSlIXuix001WpYB/QhDKZTNqhk0mYuRFL6Af4A271D9yJWz/DH /A7nLRZaOuBC4dz7ovjJ4JrsO0va2Nza3tnt7RX3j84PDqunJz2dJwqyro0FrEa+EQzwSXrAgfBBoliJPIF6/vTZ u73H5jSPJb3MEuYF5Gx5CGnBIzkusAewQ+zZrs9H1Wqds1eAK8TpyBVVKAzqny7QUzTiEmggmg9dOwEvIwo4FSwe dlNNUsInZIxGxoqScS0ly1+nuNLowQ4jJUpCXih/p7ISKT1LPJNZ0Rgole9XPzXC3S+cOU6hLdexmWSApN0eTxMB YYY56HggCtGQcwMIVRx8z+mE6IIBRNd2QTjrMawTnr1mnNdq9/Vq41WEVEJnaMLdIUcdIMaqIU6qIsoStAzekGv1 pP1Zr1bH8vWDauYOUN/YH3+AKj6mjc=</latexit>
ResNet
<latexit sha1_base64="WLELBC1Ogq8feLQBnlaf7ZTwvmI=">AAACDHicbVDLSsNAFJ34rPXRqEs3wSK4Kkld6 LLgpiupYh/QhjKZ3LRDJw9mbsQS+gv+gFv9A3fi1n/wB/wOJ20W2nrgwuGc++J4ieAKbfvLWFvf2NzaLu2Ud/f2Dyrm4VFHxalk0GaxiGXPowoEj6CNHAX0Egk09AR0vcl17ncfQCoeR/c4TcAN6SjiAWcUtTQ0KwOER/SC7A7UDeBsa Fbtmj2HtUqcglRJgdbQ/B74MUtDiJAJqlTfsRN0MyqRMwGz8iBVkFA2oSPoaxrREJSbzR+fWWda8a0glroitObq74mMhkpNQ093hhTHatnLxX89X+ULl65jcOVmPEpShIgtjgepsDC28mQsn0tgKKaaUCa5/t9iYyopQ51fWQfjLMewS jr1mnNRq9/Wq41mEVGJnJBTck4cckkapElapE0YSckzeSGvxpPxZrwbH4vWNaOYOSZ/YHz+APB6m/g=</latexit>
  = \(
1
p
p
+ w, v⇤)
<latexit sha1_base64="Um17SVndxLj1ukkPrgZdbE0zC90=">AAACPnicbVDLSgMxFM34rPVVdekmWARflJkq6 EaoiOCygn2AU0smk2lDM5kxyVRKmO/xN/wBt4o/0J24dWmm7UKrF0IO59zn8WJGpbLtd2tmdm5+YTG3lF9eWV1bL2xs1mWUCExqOGKRaHpIEkY5qSmqGGnGgqDQY6Th9S4zvdEnQtKI36pBTFoh6nAaUIyUodqFC9eLmC8Hofm0G3cpP Icu4h1G4J4bCIS1GyLV9aV20lS78kEoHacpPISPR7B/f7CftgtFu2SPAv4FzgQUwSSq7cLQ9SOchIQrzJCUd44dq5ZGQlHMSJp3E0lihHuoQ+4M5CgksqVHp6Zw1zA+DCJhHldwxP6s0CiU2TUmM9tbTmsZ+a/my6zh1HQVnLU05XGiC Mfj4UHCoIpg5iX0qSBYsYEBCAtq9oe4i4xpyjieN8Y40zb8BfVyyTkulW9OipWriUU5sA12wB5wwCmogGtQBTWAwRN4Aa/gzXq2htaH9TlOnbEmNVvgV1hf38Pqr9o=</latexit>
Stage II
<latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlo keiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S 07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXK bs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit><latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlo keiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S 07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXK bs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit><latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlo keiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S 07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXK bs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit><latexit sha1_base64="66n8/z2l7DxZCjnvrVForcLYT5Q=">AAAB+nicbVDLTgJBEJzFF+Jr0aOXicTEE9nlo keiF7lhlEcChMwOvTBh9pGZXpWsfIoXDxrj1S/x5t84wB4UrKSTSlX3THd5sRQaHefbyq2tb2xu5bcLO7t7+wd28bCpo0RxaPBIRqrtMQ1ShNBAgRLasQIWeBJa3vhq5rfuQWkRhXc4iaEXsGEofMEZGqlvF7sIj+j56S2yIdBabdq3S 07ZmYOuEjcjJZKh3re/uoOIJwGEyCXTuuM6MfZSplBwCdNCN9EQMz4273cMDVkAupfOV5/SU6MMqB8pUyHSufp7ImWB1pPAM50Bw5Fe9mbif14nQf+il4owThBCvvjITyTFiM5yoAOhgKOcGMK4EmZXykdMMY4mrYIJwV0+eZU0K2XXK bs3lVL1MosjT47JCTkjLjknVXJN6qRBOHkgz+SVvFlP1ov1bn0sWnNWNnNE/sD6/AETNpPa</latexit>
Stage I
<latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXG CtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8 sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/ n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit><latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXG CtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8 sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/ n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit><latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXG CtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8 sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/ n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit><latexit sha1_base64="VYi0pzzNh/sUKgKWgw93PmQKC/M=">AAAB+XicbVA9T8MwEHX4LOUrwMhiUSExVUkXG CtYYCuCfkhtVTnupbXqOJF9qaii/hMWBhBi5Z+w8W9w2wzQ8qSTnt67s+9ekEhh0PO+nbX1jc2t7cJOcXdv/+DQPTpumDjVHOo8lrFuBcyAFArqKFBCK9HAokBCMxjdzPzmGLQRsXrESQLdiA2UCAVnaKWe63YQnjAIswdkA6B3055b8 sreHHSV+DkpkRy1nvvV6cc8jUAhl8yYtu8l2M2YRsElTIud1EDC+Mg+37ZUsQhMN5tvPqXnVunTMNa2FNK5+nsiY5ExkyiwnRHDoVn2ZuJ/XjvF8KqbCZWkCIovPgpTSTGmsxhoX2jgKCeWMK6F3ZXyIdOMow2raEPwl09eJY1K2ffK/ n2lVL3O4yiQU3JGLohPLkmV3JIaqRNOxuSZvJI3J3NenHfnY9G65uQzJ+QPnM8feViThw==</latexit>
(w⇤, a⇤)
<latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148V rAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFD r2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgE TyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit><latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148V rAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFD r2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgE TyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit><latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148V rAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFD r2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgE TyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit><latexit sha1_base64="tnZZtZXdFFNGATzixfwgQBXPrXA=">AAAB/3icbVBLSwMxGMzWV62vVcGLl2ARapGyK4Iei148V rAPaLclm822odlkSbJKWXvwr3jxoIhX/4Y3/43ZtgdtHQgZZr6PTMaPGVXacb6t3NLyyupafr2wsbm1vWPv7jWUSCQmdSyYkC0fKcIoJ3VNNSOtWBIU+Yw0/eF15jfviVRU8Ds9iokXoT6nIcVIG6lnH3R8wQI1isyVlh665VPULZ+Me3bRqTgTwEXizkgRzFD r2V+dQOAkIlxjhpRqu06svRRJTTEj40InUSRGeIj6pG0oRxFRXjrJP4bHRglgKKQ5XMOJ+nsjRZHKIprJCOmBmvcy8T+vnejw0kspjxNNOJ4+FCYMagGzMmBAJcGajQxBWFKTFeIBkghrU1nBlODOf3mRNM4qrlNxb8+L1atZHXlwCI5ACbjgAlTBDaiBOsDgE TyDV/BmPVkv1rv1MR3NWbOdffAH1ucPFB6Vdw==</latexit>
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Figure 3: The left panel shows random initialization on feedforward CNN can be trapped in the
spurious local optimum with probability at least 1/4 (Du et al., 2017). The right panel demon-
strates: 1). Under the shortcut prior, our initialization of (w,a) avoids starting near the spurious
local optimum; 2). Convergence of GD exhibits two stages (I. improvement of a and avoiding being
attracted by (w¯, a¯) II. joint convergence).
3 Convergence Analysis
We characterize the algorithmic behavior of the gradient descent algorithm. Our analysis shows
that under Assumption 1, the convergence of GD exhibits two stages. In the first stage, the algo-
rithm avoids being trapped by the spurious local optimum. Given the algorithm is sufficiently
away from the spurious local optima, the algorithm enters the basin of attraction of the global
optimum and finally converge to it.
To present our main result, we begin with some notations. Denote
φt = ∠
(
1√
p
+wt ,
1√
p
+w∗
)
as the angle between 1√p + wt and the ground truth at the t-th iteration. Throughout the rest
of the paper, we assume ‖a∗‖2 is a constant. The notation O˜(·) hides poly(‖a∗‖2), poly( 1‖a∗‖2 ), and
polylog(‖a∗‖2) factors. Then we state the convergence of GD in the following theorem.
Theorem 2 (Main Results). Let the GD algorithm defined in Section 2 be initialized with w0 = 0 and
arbitrary a0 ∈B0( |1
>a∗|√
k
). Then the algorithm converges in two stages:
Stage I: Avoid the spurious local optimum (Theorem 4): We choose
ηa =O
( 1
k2
)
and ηw = O˜
( 1
k4
)
.
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Then there exists T1 = O˜( 1ηa ), such that
m ≤ a>T1a∗ ≤M and φT1 ≤
5
12
pi
hold for some constants M >m > 0.
Stage II: Converge to the global optimum (Theorem 13): After T1 iterations, we restart the counter, and
choose
η = ηa = ηw = O˜
( 1
k2
)
.
Then for any δ > 0, any t ≥ T2 = O˜( 1η log 1δ ), we have
‖wt −w∗‖22 ≤ δ and ‖at − a∗‖22 ≤ 5δ.
Note that the set {(wt , at) | a>t a∗ ∈ [m,M],φt ≤ 5pi12 } belongs to be the basin of attraction around
the global optimum (Lemma 11), where certain regularity condition (partial dissipativity) guides
the algorithm toward the global optimum. Hence, after the algorithm enters the second stage, we
increase the step size ηw of w for a faster convergence. Figure 3 demonstrates the initialization of
(w,a), and the convergence of GD both on CNN in Du et al. (2017) and our ResNet model.
We start our convergence analysis with the definition of partial dissipativity for L.
Definition 3 (Partial Dissipativity). Given any δ ≥ 0 and a constant c ≥ 0, ∇wL is (c,δ)-partially dissi-
pative with respect to w∗ in a set Kδ, if for every (w,a) ∈ Kδ, we have
〈−∇wL(w,a),w∗ −w〉 ≥ c‖w −w∗‖22 − δ;
∇aL is (c,δ)-partially dissipative with respect to a∗ in a set Aδ, if for every (w,a) ∈ Aδ, we have
〈−∇aL(w,a), a∗ − a〉 ≥ c‖a− a∗‖22 − δ.
Moreover, If Kδ ∩Aδ , ∅, ∇L is (c,2δ)-jointly dissipative with respect to (w∗, a∗) in Kδ ∩Aδ, i.e., for every
(w,a) ∈ Kδ ∩Aδ, we have
〈−∇wL(w,a),w∗ −w〉+ 〈−∇aL(w,a), a∗ − a〉 ≥ c(‖w −w∗‖22 + ‖a− a∗‖22)− 2δ.
The concept of dissipativity is originally used in dynamical systems (Barrera and Jara, 2015),
and is defined for general operators. It suffices to instantiate the concept to gradients here for
our convergence analysis. The partial dissipativity for perturbed gradients is used in Zhou et al.
(2019) to study the convergence behavior of Perturbed GD. The variational coherence studied in
Zhou et al. (2017) and one point convexity studied in Li and Yuan (2017) can be viewed as special
examples of partial dissipativity.
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3.1 Stage I: Avoid the Spurious Local Optimum
We first show with properly chosen step sizes, GD algorithm can avoid being trapped by the spu-
rious local optimum. We propose to update w,a using different step sizes. We formalize our result
in the following theorem.
Theorem 4. Initialize with arbitrary a0 ∈B0
(
|1>a∗|√
k
)
and w0 = 0. We choose step sizes
ηa =
pi
20(k +pi − 1)2 =O
( 1
k2
)
, and ηw = C‖a∗‖22η2a = O˜(η2a )
for some constant C > 0. Then, we have
φt ≤ 5pi12 and 0 ≤m ≤ a
>
t a
∗ ≤M, (9)
for all t ∈ [T1,T ], where
T1 = O˜
(
1
ηa
)
, T =O
(
1
η2a
)
, m =
1
5
‖a∗‖22, and M = 3‖a∗‖22 +2
(
1>a∗
)2
.
Proof Sketch. Due to the space limit, we only provide a proof sketch here. The detailed proof is
deferred to Appendix B.2. We prove the two arguments in (9) in order. Before that, we first show
our initialization scheme guarantees an important bound on a, as stated in the following lemma.
Lemma 5. Given a0 ∈B0
(
|1>a∗|√
k
)
, we choose
ηa ≤ 2pik +pi − 1 .
Then for any t > 0,
−3
(
1>a∗
)2 ≤ 1>a∗1>at − (1>a∗)2 ≤ 0. (10)
Under the shortcut prior assumption 1 that w0 is close to w∗, the update of w should be more
conservative to provide enough accuracy for a to make progress. Based on Lemma 5, the next
lemma shows that when ηw is small enough, φt stays acute (φt < pi2 ), i.e., w is sufficiently away
from w¯ = − 1√p − v∗ .
Lemma 6. Given w0 = 0 and a0 ∈B0
(
|1>a∗|√
k
)
, we choose
ηa <
2pi
k +pi − 1 and ηw = C‖a
∗‖22η2a = O˜(η2a )
for some absolute constant C > 0. Then for all t ≤ T =O
(
1
η2a
)
,
φt ≤ 5pi12 . (11)
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We want to remark that (10) and (11) are two of the key conditions that define the partially
dissipative region of ∇aL , as shown in the following lemma.
Lemma 7. For any (w,a) ∈ A, ∇aL satisfies
〈−∇aL(w,a), a∗ − a〉 ≥ 110pi ‖a− a
∗‖22, (12)
where
A =
{
(w,a)
∣∣∣a>a∗ ≤ 1
20
‖a∗‖22 or
∥∥∥∥∥a− a∗2
∥∥∥∥∥2
2
≥ ‖a∗‖22,
∥∥∥∥∥∥w+ 1√p
∥∥∥∥∥∥
2
= 1,
φ ≤ 5
12
pi, − 3(1>a∗)2 ≤ 1>a∗1>a− (1>a∗)2 ≤ 0
}
.
Please refer to Appendix B.2.3 for a detailed proof. Note that with arbitrary initialization of a,
a>a∗ ≤ 120‖a∗‖22 or ‖a− a∗/2‖22 ≥ ‖a∗‖22 possibly holds at a0. In this case, (w0, a0) falls in A, and (12)
ensures the improvement of a.
Lemma 8. Given (w0, a0) ∈ A, we choose
ηa <
pi
20(k +pi − 1)2 .
Then there exists τ11 =O
(
1
ηa
)
, such that
1
20
‖a∗‖22 ≤ a>τ11a∗ ≤ 2‖a∗‖22.
One can easily verify that a>a∗ ≤ 2‖a∗‖22 holds for any a ∈ B0
(
|1>a∗|√
k
)
. Together with Lemma 8,
we claim that even with arbitrary initialization, the iterates can always enter the region with a>a∗
positive and bounded in polynomial time. The next lemma shows that with proper chosen step
sizes, a>a∗ stays positive and bounded.
Lemma 9. Suppose 120‖a∗‖22 ≤ a>0 a∗ ≤ 2‖a∗‖22, φt ≤ 512pi, and −3(1>a∗)2 ≤ 1>a∗1>at − (1>a∗)2 ≤ 0 holds
for all t. Choose
ηa <
2pi
pi − 1 ,
then we have for all t ≥ τ12 = O˜
(
1
ηa
)
,
1
5
‖a∗‖22 ≤ a>t a∗ ≤ 3‖a∗‖22 +2
(
1>a∗
)2
.
Take T1 = τ11 + τ12, and we complete the proof.
In Theorem 4, we choose a conservative ηw. This brings two benefits to the training process:
1). w stays away from w¯. The update on w is quite limited, since ηw is small. Hence, w is kept
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sufficiently away from w¯, even ifwmoves towards w¯ in every iteration); 2). a continuously updates
toward a∗.
Theorem 4 ensures that under the shortcut prior, GD with adaptive step sizes can successfully
overcome the optimization challenge early in training, i.e., the iterate is sufficiently away from the
spurious local optima at the end of Stage I. Meanwhile, (9) actually demonstrates that the algorithm
enters the basin of attraction of the global optimum, and we next show the convergence of GD.
3.2 Stage II: Converge to the Global Optimum
Recall that in the previous stage, we use a conservative step size ηw to avoid being trapped by the
spurious local optimum. However, the small step size ηw slows down the convergence of w in
the basin of attraction of the global optimum. Now we choose larger step sizes to accelerate the
convergence. The following theorem shows that, after Stage I, we can use a larger ηw, while the
results in Theorem 4 still hold, i.e., the iterate stays in the basin of attraction of (w∗, a∗).
Theorem 10. We restart the counter of time. Suppose m ≤ a>0 a∗ ≤M, and φ0 ≤ 512pi. We choose
ηw ≤ mM2 = O˜
( 1
k2
)
and ηa <
2pi
k +pi − 1 .
Then for all t > 0, we have
φt ≤ 5pi12 and 0 ≤m ≤ a
>
t a
∗ ≤M.
Proof Sketch. To prove the first argument, we need the partial dissipativity of ∇wL.
Lemma 11. For any m > 0, ∇wL satisfies
〈−∇wL(w,a),w∗ −w〉 ≥ m8 ‖w −w
∗‖22,
for any (w,a) ∈ Km, where
Km =
{
(w,a)
∣∣∣ a>a∗ ≥m, (w+ 1√
p
)>
v∗ ≥ 0,
∥∥∥∥∥∥w+ 1√p
∥∥∥∥∥∥
2
= 1
}
.
This condition ensures that when a>a∗ is positive, w always makes positive progress towards
w∗, or equivalently φt decreasing. We need not worry about φt getting obtuse, and thus a larger
step size ηw can be adopted. The second argument can be proved following similar lines to Lemma
9. Please see Appendix B.3.2 for more details.
Now we are ready to show the convergence of our GD algorithm. Note that Theorem 10 and
Lemma 11 together show that the iterate stays in the partially dissipative region Kw, which leads
to the convergence of w. Moreover, as shown in the following lemma, when w is accurate enough,
the partial gradient with respect to a enjoys partial dissipativity.
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Lemma 12. For any δ > 0, ∇aL satisfies
〈−∇aL (w,a) , a∗ − a〉 ≥ pi − 12pi ‖a− a
∗‖22 −
1
5
δ,
for any (w,a) ∈ Am,M,δ, where
Am,M,δ =
{
(w,a)
∣∣∣ a>a∗ ∈ [m,M], ‖w −w∗‖22 ≤ δ, ∥∥∥∥∥∥w+ 1√p
∥∥∥∥∥∥
2
= 1
}
.
As a direct result, a converges to a∗. The next theorem formalize the above discussion.
Theorem 13 (Convergence). Suppose 15‖a∗‖22 =m ≤ a>t a∗ ≤M = 3‖a∗‖22+2(1>a∗)2 hold for all t > 0. For
any δ > 0, choose
ηa = ηw = η =min
{
m
2M2
,
5pi2
4(k +pi − 1)2
}
= O˜
( 1
k2
)
,
then we have
‖wt −w∗‖22 ≤ δ and ‖at − a∗‖22 ≤ 5δ
for any t ≥ T2 = O˜
(
1
η log
1
δ
)
.
Proof Sketch. The detailed proof is provided in Appendix B.4. Our proof relies on the partial dissi-
pativity of ∇wL (Lemma 11) and that of ∇aL (Lemma 12).
Note that the partial dissipative region Am,M,δ, depends on the precision of w. Thus, we first
show the convergence of w.
Lemma 14 (Convergence ofwt). Suppose 15‖a∗‖22 =m ≤ a>t a∗ ≤M = 3‖a∗‖22+4(1>a∗)2 hold for all t > 0.
For any δ > 0, choose
η ≤ m
2M2
= O˜
( 1
k2
)
,
then we have
‖wt −w∗‖22 ≤ δ
for any t ≥ τ21 = 4mη log 4δ = O˜
(
1
η log
1
δ
)
.
Lemma 14 implies that after τ21 iterations, the algorithm enters Am,M,δ. Then we show the
convergence property of a in next lemma.
Lemma 15 (Convergence of at). Suppose m ≤ a>t a∗ ≤M and ‖wt −w∗‖22 ≤ δ holds for all t. We choose
η ≤ 5pi
2
4(k +pi − 1)2 =O
( 1
k2
)
.
Then for all t ≥ τ22 = 4η log ‖a0−a
∗‖22
δ = O˜
(
1
η log
1
δ
)
, we have
‖at − a∗‖22 ≤ 5δ.
Combine the above two lemmas together, take T2 = τ21 + τ22, and we complete the proof.
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Theorem 13 shows that with larger ηw than in Stage I, GD converges to the global optimum
in polynomial time. Compared to the convergence with constant probability for CNN (Du et al.,
2017), Assumption 1 assures convergence even under arbitrary initialization of a. This partially
justifies the importance of shortcut in ResNet.
4 Numerical Experiment
We present numerical experiments to illustrate the convergence of the GD algorithm. We first
demonstrate that with the shortcut prior, our choice of step sizes and the initialization guaran-
tee the convergence of GD. We consider the training of a two-layer non-overlapping convolutional
ResNet by solving (7). Specifically, we set p = 8 and k ∈ {16,25,36,49,64,81,100}. The teacher
network is set with parameters a∗ satisfying 1>a∗ = 14‖a∗‖22, and v∗ satisfying v∗1 = cos(7pi/10), v∗2 =
sin(7pi/10), and v∗j = 0 for j = 3, . . . ,p.2 More detailed experimental setting is provided in Appendix
C. We initialize with w0 = 0 and a0 uniformly distributed over B0(|1>a∗|/
√
k). We adopt the fol-
lowing learning rate scheme with Step Size Warmup (SSW) suggested in Section 3: We first choose
step sizes ηa = 1/k2 and ηw = η2a , and run for 1000 iterations. Then, we choose ηa = ηw = 1/k2. We
also consider learning the same teacher network using step sizes ηw = ηa = 1/k2 throughout, i.e.,
without step size warmup.
We further demonstrate learning the aforementioned teacher network using a student network
of the same architecture. Specifically, we keep a∗,v∗ unchanged. We use the GD in Du et al. (2017)
with step size η = 0.1, and initialize v0 uniformly distributed over the unit sphere and a uniformly
distributed over B0(|1>a∗|/
√
k).
For each combination of k and a∗, we repeat 5000 simulations for aforementioned three set-
tings, and report the success rate of converging to the global optimum in Table 1 and Figure 4. As
can be seen, our GD on ResNet can avoid the spurious local optimum, and converge to the global
optimum in all 5000 simulations. However, GD without SSW can be trapped in the spurious local
optimum. The failure probability diminishes as the dimension increases. Learning the teacher net-
work using a two-layer CNN student network (Du et al., 2017) can also be trapped in the spurious
local optimum.
Table 1: Success rates of converging to the global optimum for GD training ResNet with and without SSW
and CNN with varying k and and p = 8.
k 16 25 36 49 64 81 100
ResNet w/ SSW 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
ResNet w/o SSW 0.7042 0.7354 0.7776 0.7848 0.8220 0.8388 0.8426
CNN 0.5348 0.5528 0.5312 0.5426 0.5192 0.5368 0.5374
2v∗ essentially satisfies ∠(v∗,1/√p) = 0.45pi.
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<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMos J0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMos J0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMos J0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQ S+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMos J0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>
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<latexit sha1_base64="UDgELd7dP1hteN/Fgfuw+e4zkEk=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hd1c9Bj04jE+8oBkCbOT3mTI7Owy0yOEkN/w4kERr/6MN//GSbIHTSxoKKq66e6KMikM+v63t7a+sbm1Xdgp7u7tHxyWjo6bJrWaQ4OnMtXtiBmQQkEDBUpoZxpYEkloRaObmd96Am1Eqh5xnEGYsIESseAMndR9sJyDMfSeIfRKZb/iz0FXSZCTMslR75W+uv2U2wQUcsmM6QR+huGEaRRcwrTYtQYyxkdsAB1HFUvAhJP5zVN67pQ+jVPtSiGdq78nJiwxZpxErjNhODTL3kz8z+tYjK/CiVCZRVB8sSi2kmJKZwHQvtDAUY4dYVwLdyvlQ6YZRxdT0YUQLL+8SprVSuBXgrtquXadx1Egp+SMXJCAXJIauSV10iCcZOSZvJI3z3ov3rv3sWhd8/KZE/IH3ucPuRWRdQ==</latexit><latexit sha1_base64="UDgELd7dP1hteN/Fgfuw+e4zkEk=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hd1c9Bj04jE+8oBkCbOT3mTI7Owy0yOEkN/w4kERr/6MN//GSbIHTSxoKKq66e6KMikM+v63t7a+sbm1Xdgp7u7tHxyWjo6bJrWaQ4OnMtXtiBmQQkEDBUpoZxpYEkloRaObmd96Am1Eqh5xnEGYsIESseAMndR9sJyDMfSeIfRKZb/iz0FXSZCTMslR75W+uv2U2wQUcsmM6QR+huGEaRRcwrTYtQYyxkdsAB1HFUvAhJP5zVN67pQ+jVPtSiGdq78nJiwxZpxErjNhODTL3kz8z+tYjK/CiVCZRVB8sSi2kmJKZwHQvtDAUY4dYVwLdyvlQ6YZRxdT0YUQLL+8SprVSuBXgrtquXadx1Egp+SMXJCAXJIauSV10iCcZOSZvJI3z3ov3rv3sWhd8/KZE/IH3ucPuRWRdQ==</latexit><latexit sha1_base64="UDgELd7dP1hteN/Fgfuw+e4zkEk=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hd1c9Bj04jE+8oBkCbOT3mTI7Owy0yOEkN/w4kERr/6MN//GSbIHTSxoKKq66e6KMikM+v63t7a+sbm1Xdgp7u7tHxyWjo6bJrWaQ4OnMtXtiBmQQkEDBUpoZxpYEkloRaObmd96Am1Eqh5xnEGYsIESseAMndR9sJyDMfSeIfRKZb/iz0FXSZCTMslR75W+uv2U2wQUcsmM6QR+huGEaRRcwrTYtQYyxkdsAB1HFUvAhJP5zVN67pQ+jVPtSiGdq78nJiwxZpxErjNhODTL3kz8z+tYjK/CiVCZRVB8sSi2kmJKZwHQvtDAUY4dYVwLdyvlQ6YZRxdT0YUQLL+8SprVSuBXgrtquXadx1Egp+SMXJCAXJIauSV10iCcZOSZvJI3z3ov3rv3sWhd8/KZE/IH3ucPuRWRdQ==</latexit><latexit sha1_base64="UDgELd7dP1hteN/Fgfuw+e4zkEk=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hd1c9Bj04jE+8oBkCbOT3mTI7Owy0yOEkN/w4kERr/6MN//GSbIHTSxoKKq66e6KMikM+v63t7a+sbm1Xdgp7u7tHxyWjo6bJrWaQ4OnMtXtiBmQQkEDBUpoZxpYEkloRaObmd96Am1Eqh5xnEGYsIESseAMndR9sJyDMfSeIfRKZb/iz0FXSZCTMslR75W+uv2U2wQUcsmM6QR+huGEaRRcwrTYtQYyxkdsAB1HFUvAhJP5zVN67pQ+jVPtSiGdq78nJiwxZpxErjNhODTL3kz8z+tYjK/CiVCZRVB8sSi2kmJKZwHQvtDAUY4dYVwLdyvlQ6YZRxdT0YUQLL+8SprVSuBXgrtquXadx1Egp+SMXJCAXJIauSV10iCcZOSZvJI3z3ov3rv3sWhd8/KZE/IH3ucPuRWRdQ==</latexit>
0
<latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4E dhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdF I62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0 FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4E dhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdF I62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0 FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4E dhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdF I62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0 FJ585hT9wPn8AeRmMtA==</latexit><latexit sha1_base64="6ZTwbptvK00HUiMuNssEoeJJPkc=">AAAB6HicbVBNS8NA EJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4E dhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdF I62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0 FJ585hT9wPn8AeRmMtA==</latexit>
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<latexit sha1_base64="pTiLlK8BRQBncL6ngouGJNoC8iQ=">AAAB6nicbVBNS8NA EJ34WetX1aOXxSJ4CkkR9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43A TqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eG6tX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn586JedWGZAoUbakIXP190R OY60ncWg7Y2pGetmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbQj+8surpFVzfc/17y+r9ZsijhKcwhlcgA9XUIc7aEATGAzhGV7hzRHOi/PufCx a15xi5gT+wPn8AVUAjSg=</latexit><latexit sha1_base64="pTiLlK8BRQBncL6ngouGJNoC8iQ=">AAAB6nicbVBNS8NA EJ34WetX1aOXxSJ4CkkR9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43A TqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eG6tX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn586JedWGZAoUbakIXP190R OY60ncWg7Y2pGetmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbQj+8surpFVzfc/17y+r9ZsijhKcwhlcgA9XUIc7aEATGAzhGV7hzRHOi/PufCx a15xi5gT+wPn8AVUAjSg=</latexit><latexit sha1_base64="pTiLlK8BRQBncL6ngouGJNoC8iQ=">AAAB6nicbVBNS8NA EJ34WetX1aOXxSJ4CkkR9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43A TqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eG6tX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn586JedWGZAoUbakIXP190R OY60ncWg7Y2pGetmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbQj+8surpFVzfc/17y+r9ZsijhKcwhlcgA9XUIc7aEATGAzhGV7hzRHOi/PufCx a15xi5gT+wPn8AVUAjSg=</latexit><latexit sha1_base64="pTiLlK8BRQBncL6ngouGJNoC8iQ=">AAAB6nicbVBNS8NA EJ34WetX1aOXxSJ4CkkR9Fj04rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLU8G18bxvZ219Y3Nru7RT3t3bPzisHB23dJIphk2WiER1QqpRcIlNw43A TqqQxqHAdji+nfntJ1SaJ/LRTFIMYjqUPOKMGis9eG6tX6l6rjcHWSV+QapQoNGvfPUGCctilIYJqnXX91IT5FQZzgROy71MY0rZmA6xa6mkMeogn586JedWGZAoUbakIXP190R OY60ncWg7Y2pGetmbif953cxE10HOZZoZlGyxKMoEMQmZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbQj+8surpFVzfc/17y+r9ZsijhKcwhlcgA9XUIc7aEATGAzhGV7hzRHOi/PufCx a15xi5gT+wPn8AVUAjSg=</latexit>
0.4
<latexit sha1_base64="Tek7htftoUVs9/PUaLZSmUe5RCQ=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhj UOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68NzLfrXmud4cZJX4BalBgUa/+tUbJCyLURomqNZd30tNkFNlOBM4rfQyjSllYzrErqWSxqiDfH7qlJxZZUCiRNmShszV3xM5jbWexKH tjKkZ6WVvJv7ndTMTXQc5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTsSH4yy+vktaF63uuf39Zq98UcZThBE7hHHy4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+ fzB1gIjSo=</latexit><latexit sha1_base64="Tek7htftoUVs9/PUaLZSmUe5RCQ=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhj UOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68NzLfrXmud4cZJX4BalBgUa/+tUbJCyLURomqNZd30tNkFNlOBM4rfQyjSllYzrErqWSxqiDfH7qlJxZZUCiRNmShszV3xM5jbWexKH tjKkZ6WVvJv7ndTMTXQc5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTsSH4yy+vktaF63uuf39Zq98UcZThBE7hHHy4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+ fzB1gIjSo=</latexit><latexit sha1_base64="Tek7htftoUVs9/PUaLZSmUe5RCQ=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhj UOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68NzLfrXmud4cZJX4BalBgUa/+tUbJCyLURomqNZd30tNkFNlOBM4rfQyjSllYzrErqWSxqiDfH7qlJxZZUCiRNmShszV3xM5jbWexKH tjKkZ6WVvJv7ndTMTXQc5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTsSH4yy+vktaF63uuf39Zq98UcZThBE7hHHy4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+ fzB1gIjSo=</latexit><latexit sha1_base64="Tek7htftoUVs9/PUaLZSmUe5RCQ=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE0GPRi8eK9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLa+sbmVnm7srO7t39QPTxq6SRTDJssEYnqhFSj4BKbhhuBnVQhj UOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVZ68NzLfrXmud4cZJX4BalBgUa/+tUbJCyLURomqNZd30tNkFNlOBM4rfQyjSllYzrErqWSxqiDfH7qlJxZZUCiRNmShszV3xM5jbWexKH tjKkZ6WVvJv7ndTMTXQc5l2lmULLFoigTxCRk9jcZcIXMiIkllClubyVsRBVlxqZTsSH4yy+vktaF63uuf39Zq98UcZThBE7hHHy4gjrcQQOawGAIz/AKb45wXpx352PRWnKKmWP4A+ fzB1gIjSo=</latexit>
0.6
<latexit sha1_base64="+SgbZEQsPuoPN2+ki8a3aU9cATg=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7tX3T941EmmGDZZIhLVDqlGwSU2DTcC26lCG ocCW+HoZuq3nlBpnsgHM04xiOlA8ogzaqx077kXvWrNc70ZyDLxC1KDAo1e9avbT1gWozRMUK07vpeaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkP bGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwF19eJo9nru+5/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnCeXHenY95a8kpZg7hD5 zPH1sQjSw=</latexit><latexit sha1_base64="+SgbZEQsPuoPN2+ki8a3aU9cATg=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7tX3T941EmmGDZZIhLVDqlGwSU2DTcC26lCG ocCW+HoZuq3nlBpnsgHM04xiOlA8ogzaqx077kXvWrNc70ZyDLxC1KDAo1e9avbT1gWozRMUK07vpeaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkP bGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwF19eJo9nru+5/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnCeXHenY95a8kpZg7hD5 zPH1sQjSw=</latexit><latexit sha1_base64="+SgbZEQsPuoPN2+ki8a3aU9cATg=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7tX3T941EmmGDZZIhLVDqlGwSU2DTcC26lCG ocCW+HoZuq3nlBpnsgHM04xiOlA8ogzaqx077kXvWrNc70ZyDLxC1KDAo1e9avbT1gWozRMUK07vpeaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkP bGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwF19eJo9nru+5/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnCeXHenY95a8kpZg7hD5 zPH1sQjSw=</latexit><latexit sha1_base64="+SgbZEQsPuoPN2+ki8a3aU9cATg=">AAAB6nicbVBNS8NAEJ 3Ur1q/qh69LBbBU0hE1GPRi8eK1hbaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvTAXXxvO+ndLK6tr6RnmzsrW9s7tX3T941EmmGDZZIhLVDqlGwSU2DTcC26lCG ocCW+HoZuq3nlBpnsgHM04xiOlA8ogzaqx077kXvWrNc70ZyDLxC1KDAo1e9avbT1gWozRMUK07vpeaIKfKcCZwUulmGlPKRnSAHUsljVEH+ezUCTmxSp9EibIlDZmpvydyGms9jkP bGVMz1IveVPzP62QmugpyLtPMoGTzRVEmiEnI9G/S5wqZEWNLKFPc3krYkCrKjE2nYkPwF19eJo9nru+5/t15rX5dxFGGIziGU/DhEupwCw1oAoMBPMMrvDnCeXHenY95a8kpZg7hD5 zPH1sQjSw=</latexit>
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Figure 4: Success rates of converging to the global optimum for GD training ResNet with and
without SSW and CNN with varying k and and p = 8.
We then demonstrate the algorithmic behavior of our GD. We set k = 25 for the teacher net-
work, and other parameters the same as in the previous experiment. We initialize w0 = 0 and
a0 ∈ B0
(
|1>a∗|√
k
)
. We start with ηa = 1/k2 and ηw = η2a . After 1000 iterations, we set the step sizes
ηa = ηw = 1/k2. The algorithm is terminated when ‖at − a∗‖22 + ‖wt −w∗‖22 ≤ 10−6. We also demon-
strate the GD algorithm without SSW at the same initialization. The step sizes are ηa = ηw = 1/k2
throughout the training.
One solution path of GD with SSW is shown in the first row of Figure 5. As can be seen, the
algorithm has a phase transition. In the first stage, we observe that wt makes very slow progress
due to the small step size ηw. While a>t a∗ gradually increases. This implies the algorithm avoids
being attracted by the spurious local optimum. In the second stage, wt and at both continuously
evolve towards the global optimum.
The second row of Figure 5 illustrates the trajectory of GD without SSW being trapped by the
spurious local optimum. Specifically, (wt , at) converges to (w¯, a¯) as we observe that φt converges to
pi, and ‖wt −w∗‖22 converges to 4‖v∗‖22.
5 Discussions
Deep ResNet. Our two-layer network model is largely simplified compared with deep and wide
ResNets in practice, where the role of the shortcut connection is more complicated. It is worth
mentioning that the empirical results in Veit et al. (2016) show that ResNet can be viewed as an
ensemble of smaller networks, and most of the smaller networks are shallow due to the shortcut
connection. They also suggest that the training is dominated by the shallow smaller networks. We
are interested in investigating whether these shallow smaller networks possesses similar benign
properties to ease the training as our two-layer model.
Moreover, our student network and the teacher network have the same degree of freedom. We
have not considered deeper and wider student networks. It is also worth an investigation that what
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Stage II starts
Step size warmup
1  a>t a⇤katk2ka⇤k
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Figure 5: Algorithmic behavior of GD on ResNet. The horizontal axis corresponds to the number
of iterations.
is the role of shortcut connections in deeper and wider networks.
From GD to SGD. A straightforward extension is to investigate the convergence of SGD with mini-
batch. We remark that when the batch size is large, the effect of the noise on gradient is limited
and SGD mimics the behavior of GD. When the batch size is small, the noise on gradient plays a
significant role in training, which is technically more challenging.
Related Work. Li and Yuan (2017) study ResNet-type two-layer neural networks with the output
weight known (a = 1), which is equivalent to assuming a>t a∗ > 0 for all t in our analysis. Thus, their
analysis does not have Stage I (a>0 a∗ < 0). Moreover, since they do not need to optimize a, they only
need to handle the partial dissipativity of ∇Lw with δ = 0 (one-point convexity). In our analysis,
however, we also need to handle the the partial dissipativity of ∇La with δ , 0, which makes our
proof more involved.
Initialization. Our analysis shows that GD converges to the global optimum, whenw is initialized
at zero. Empirical results in Li et al. (2016) and Zhang et al. (2019) also suggest that deep ResNet
works well, when the weights are simply initialized at zero or using the Fixup initialization. We are
interested in building a connection between training a two-layer ResNet and its deep counterpart.
Step Size Warmup. Our choice of step size ηw is related to the learning rate warmup and layerwise
learning rate in the existing literature. Specifically, Goyal et al. (2017) presents an effective learning
rate scheme for training ResNet on ImageNet for less than 1 hour. They start with a small step size,
gradually increase (linear scale) it, and finally shrink it for convergence. Our analysis suggests that
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in the first stage, we need smaller ηw to avoid being attracted by the spurious local optimum. This
is essentially consistent with Goyal et al. (2017). Note that we are considering GD (no noise), hence,
we do not need to shrink the step size in the final stage. While Goyal et al. (2017) need to shrink the
step size to control the noise in SGD. Similar learning rate schemes are proposed by Smith (2017).
On the other hand, we incorporate the shortcut prior, and adopt a smaller step size for the inner
layer, and a larger step size for the outer layer. Such a choice of step size is shown to be helpful
in both deep learning and transfer learning (Singh et al., 2015; Howard and Ruder, 2018), where it
is referred to as differential learning rates or discriminative fine-tuning. It is interesting to build a
connection between our theoretical discoveries and these empirical observations.
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Supplementary Material for Understanding the Importance
of Shortcut Connections in ResNet
A Preliminaries
We first provide the explicit forms of the loss function and its gradients with respect to w and a.
Proposition 16. Let φ = ∠(1/√p+w,v∗).When ∥∥∥1/√p+w∥∥∥
2
= 1, the loss function L (w,a) and the gra-
dient w.r.t (w,a), i.e., ∇aL (w,a) and ∇wL (w,a) have the following analytic forms.
L (w,a) = 1
2
[
(pi − 1)
2pi
‖a∗‖22 +
(pi − 1)
2pi
‖a‖22 −
1
pi
(g (φ)− 1)a>a∗
+
1
2pi
(
1>a∗
)2
+
1
2pi
(
1>a
)2 − 1
pi
1>a∗a>1],
∇aL(a,w) = 12pi (11
> + (pi − 1))a− 1
2pi
(11> + (g(φ)− 1))a∗,
∇wL (w,a) = −a
>a∗ (pi −φ)
2pi
(
I − (1/√p+w)(1/√p+w)>
)
v∗,
where g(φ) = (pi −φ)cos(φ) + sin(φ).
This proposition is a simple extension of Theorem 3.1 in Du et al. (2017). Here, we omit the
proof.
For notational simplicity, we denote vt = 1/
√
p+wt in the future proof.
B Proof of Theoretical Results
B.1 Proof of Proposition B.1
Proof. Recall that Du et al. (2017) proves that (v¯, a¯) = (−v∗, (11>+(pi−1)I)−1(11>−I)a∗) is the spurious
local optimum of the CNN counterpart to our ResNet. Substitute v¯ by 1/
√
p+w
‖1/√p+w‖2 and we prove the
result.
B.2 Proof of Theorem 4
B.2.1 Proof of Lemma 5
Proof. By simple manipulication, we know that the initialization of a satisfies−2(1>a∗)2 ≤ 1>a∗1>a0−
(1>a∗)2 ≤ 0. We first prove the right side of the inequality. Expand at as at−1 − ηa∇aL(wt−1, at−1),
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and we have
1>a∗1>at =
(
1− ηa (k +pi − 1)
2pi
)
1>a∗1>at−1 +
ηa (k + g (φt−1)− 1)
2pi
(
1>a∗
)2
≤
(
1− ηa (k +pi − 1)
2pi
)
1>a∗1>at−1 +
ηa (k +pi − 1)
2pi
(
1>a∗
)2
.
Subtract (1>a∗)2 from both sides, then we get
1>a∗1>at −
(
1>a∗
)2 ≤ (1− ηa (k +pi − 1)
2pi
)
(1>a∗1>at−1 −
(
1>a∗
)2
)
≤
(
1− ηa (k +pi − 1)
2pi
)t
(1>a∗1>a0 −
(
1>a∗
)2
) ≤ 0,
for any t ≥ 1. The right side inequality is proved.
The proof of the left side follows similar lines. Since g(φ) ≥ 0, we have
1>a∗1>at =
(
1− ηa (k +pi − 1)
2pi
)
1>a∗1>at−1 +
ηa (k + g (φt−1)− 1)
2pi
(
1>a∗
)2
≥
(
1− ηa (k +pi − 1)
2pi
)
1>a∗1>at−1 + ηa
k − 1
2pi
(
1>a∗
)2
,
which is equivalent to the following inequality.
1>a∗1>at −
(
1>a∗
)2 ≥ (1− ηa (k +pi − 1)
2pi
)
(1>a∗1>at−1 −
(
1>a∗
)2
)− ηa
2
(
1>a∗
)2
.
≥
(
1− ηa (k +pi − 1)
2pi
)t
(1>a∗1>a0 −
(
1>a∗
)2
)− 1
1−
(
1− ηa(k+pi−1)2pi
) ηa
2
(
1>a∗
)2
≥
(
1− ηa (k +pi − 1)
2pi
)t
(1>a∗1>a0 −
(
1>a∗
)2
)− pi
k +pi − 1
(
1>a∗
)2
≥
(
1− ηa (k +pi − 1)
2pi
)t
(−2
(
1>a∗
)2
)− pi
k +pi − 1
(
1>a∗
)2
≥ −3
(
1>a∗
)2
.
Then we prove the lemma.
B.2.2 Proof of Lemma 6
Proof. For each iteration, the distance of wt moving towards w¯ is upper bounded by the product of
the step size ηw and the norm of the gradient ∇wL (w,a) . We first bound the norm of the gradient.
From the analytic form of ∇wL (w,a) , we need to bound a>a∗. We first have the following lower
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bound.
at+1a
∗ =
(
1− ηa (pi − 1)
2pi
)
a>t a∗ +
ηa (g (φt)− 1)
2pi
‖a∗‖22 +
ηa
2pi
((
1>a∗
)2 −1>a∗1>at)
≥
(
1− ηa (pi − 1)
2pi
)
a>t a∗ − ηa 2pi ‖a
∗‖22,
which is equivalent to
at+1a
∗ + 4
pi − 1‖a
∗‖22 ≥
(
1− ηa (pi − 1)
2pi
)
(a>t a∗ +
4
pi − 1‖a
∗‖22)
≥
(
1− ηa (pi − 1)
2pi
)t+1
(a>0 a
∗ + 4
pi − 1‖a
∗‖22).
Since a>0 a∗ ≥ −‖a∗‖22, we have a>0 a∗ + 4pi−1‖a∗‖22 ≥ 0. Thus, when ηa < 2pipi−1 ,
at+1a
∗ ≥ − 4
pi − 1‖a
∗‖22 ≥ −2‖a∗‖22.
When at+1a∗ < 2‖a∗‖22, the following inequality holds true.
‖∇wL (wt , at)‖22 =
(
a>t a∗
)2
(pi −φt)2
4pi2
v∗>
(
I − vtv>t
)
v∗
≤ ‖a∗‖42(I − v>t v∗)(I + v>t v∗) ≤ ‖a∗‖42‖vt − v∗‖22.
We next prove that when ηw is small enough, φt < pi/2 holds for all t ≤ T = O(1/η2a ). We first have
the following inequality.
1 ≤ ‖v˜t+1‖2 =
√
‖vt‖22 +
∥∥∥ηw∇wL (wt , at)∥∥∥22 ≤ 1+ ∥∥∥ηw∇wL (wt , at)∥∥∥2.
Under Assumption 1, we know that φ0 < pi/3. Then we can bound the norm of the difference
between iterates wt+1 and w∗ as follows.
‖vt+1 − v∗‖2 = ‖v˜t+1/‖v˜t+1‖2 − v∗‖2 ≤
1
‖v˜t+1‖2 ‖v˜t+1 − v
∗‖2 +1− 1‖v˜t+1‖2
≤ ‖v˜t+1 − v∗‖2 +1− 1
1+
∥∥∥ηw∇wL (wt , at)∥∥∥2 .
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Plug in the upper bound of the norm of ∇wL (wt , at) , and we obtain
‖vt+1 − v∗‖2 ≤ ‖v˜t+1 − v∗‖2 +1− 1
1+ ηw‖a∗‖22‖vt − v∗‖2
=
∥∥∥vt − v∗ − ηw∇wL(at ,wt)∥∥∥22 + ηw‖a∗‖22‖vt − v∗‖21+ ηw‖a∗‖22‖vt − v∗‖2
≤ ‖vt − v∗‖2 + ηw‖∇wL(at ,wt)‖2 + ηw‖a∗‖22‖vt − v∗‖2
≤ ‖vt − v∗‖2 + ηw‖a∗‖22‖vt − v∗‖2 + ηw‖a∗‖22‖vt − v∗‖2
= (1+2ηw‖a∗‖22)‖vt − v∗‖2 ≤ (1 + 2ηw‖a∗‖22)t‖v0 − v∗‖2
≤ exp
(
2tηw‖a∗‖22
)
‖v0 − v∗‖2
≤ exp
(
2tηw‖a∗‖22
)
≤ 2− 2cos
( 5
12
pi
)
,
for all t ≤ T = O(1/η2a ), when ηw = C1‖a∗‖22η2a = O˜(η2a ) for some constant C1 > 0. Thus φt ≤ 512pi for
all t ≤ T =O(1/η2a ).
B.2.3 Proof of Lemma 7
Proof. For any C3 ∈ (0,1), if we have a>a∗ ≤ C3‖a∗‖22, the norm of the difference between a and a∗
satisfies the following inequality.
‖a− a∗‖22 ≥ (1− 2C3)‖a∗‖22.
Let C2 = g( 512pi)− 1 = 0.4402. SInce φ ≤ 512pi, and g is strictly decreasing, we know that g(φ) ≥ C2.
Using the above two inequalities, we can lower bound the inner product between the negative
gradient and the difference between a and a∗ as follows.
〈−∇aL (w+ ξ,a+ ) , a∗ − a〉 = 12pi
(
1>a−1>a∗
)2
+
1
2pi
((pi − 1)a− (g (φ)− 1)a∗)> (a− a∗)
=
1
2pi
(
1>a−1>a∗
)2
+
1
2pi
(pi − g (φ))a> (a− a∗) + g (φ)− 1
2pi
‖a− a∗‖2
≥ − 1
2pi
(pi − g (φ))a>a∗ + g (φ)− 1
2pi
‖a− a∗‖22
≥ − 1
2pi
(pi − g (φ))a>a∗ + g (φ)− 1
4pi
‖a− a∗‖22 +
g (φ)− 1
4pi
‖a− a∗‖22
≥ −C3
2
‖a∗‖22 +
C2
4pi
(1− 2C3)‖a∗‖22 +
C2
4pi
‖a− a∗‖22
≥ C2
4pi
‖a− a∗‖22 ≥
1
10pi
‖a− a∗‖22,
when C3 ≤ C22(C2+pi) . Take C3 = 120 , and we prove the result.
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B.2.4 Proof of Lemma 8
Proof. We prove the result by contradiction. Specifically, we show that if at ∈ A always holds, there
always exist some time τ such that aτ <A,which is a contradiction. Formally, suppose ∀τ ≤ t,aτ ∈
A, then we have
‖at+1 − a∗‖22 = ‖at − a∗‖22 − 2〈−ηaEξ,∇aL (wt , at) , a∗ − at〉 (13)
+
∥∥∥ηa∇aL (wt , at)∥∥∥22. (14)
The second term is lower bounded according to the partial dissipativity of ∇aL. Thus, we only
need to bound the norm of the gradient.
‖∇aL (wt , at)‖22 = ‖∇aL (wt , at)−∇aL (w∗, a∗)‖22
=
∥∥∥∥∥ 12pi (11> + (pi − 1) I) (at − a∗)− g (φ)−pi2pi a∗
∥∥∥∥∥2
2
≤ 1
2pi2
∥∥∥∥(11> + (pi − 1) I) (at − a∗)∥∥∥∥2
2
+
1
2
‖a∗‖22
≤ (k +pi − 1)
2
pi2
(
‖at − a∗‖22
)
+
1
2
‖a∗‖22.
Plug the above bound into (13), then we have
‖at+1 − a∗‖22 ≤
(
1− pi
5
ηa + η
2
a
(k +pi − 1)2
pi2
)
‖at − a∗‖22 +
η2a
2
‖a∗‖22
≤ (1−λ1)‖at − a∗‖22 + b1
≤ (1−λ1)t+1‖a0 − a∗‖22 +
b1
λ1
,
where λ1 = pi5ηa − η2a (k+pi−1)
2
pi2 and b1 =
η2a
2 ‖a∗‖22. When ηa < pi20(k+pi−1)2 , we have b1λ1 ≤
‖a∗‖22
6 . Thus, after
τ11 =O(
1
ηa
) iterations, we have
∥∥∥aτ11 − a∗∥∥∥22 < ‖a∗‖224 .
On the other hand, aτ11 ∈ A implies that
∥∥∥aτ11 − a∗∥∥∥22 ≥ 14‖a∗‖22. Thus, after τ11 =O( 1ηa ) iterations, we
have
1
20
‖a∗‖22 ≤ a>t a∗ and ‖at − a∗/2‖22 ≤ ‖a∗‖22.
Moreover, ‖at − a∗/2‖22 ≤ ‖a∗‖22 implies a>t a∗ ≤ 2‖a∗‖22, and we prove the lemma.
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B.2.5 Proof of Lemma 9
Proof. We first prove the left side. Write at+1 = at − ηa∇aL(w,a) and we have
a>t+1a
∗ =
(
1− ηa (pi − 1)
2pi
)
a>t a∗ +
ηa (g (φt)− 1)
2pi
‖a∗‖22 +
ηa
2pi
((
1>a∗
)2 −1>a∗1>at)
≥
(
1− ηa (pi − 1)
2pi
)
a>t a∗ + ηa
C2
2pi
‖a∗‖22.
The last inequality holds since g(φ) ≥ 1 and (1>a∗)2 − 1>a∗1>at ≥ 0. Subtract C2pi−1‖a∗‖22 from both
sides and we have the following inequality
a>t+1a
∗ − C2
pi − 1‖a
∗‖22 ≥
(
1− ηa (pi − 1)
2pi
)(
a>t a∗ − C2pi − 1‖a
∗‖22
)
≥
(
1− ηa (pi − 1)
2pi
)t (
a>0 a
∗ − C2
pi − 1‖a
∗‖22
)
.
Thus, when t ≥ τ12 = O˜(1/ηa) > 0, we have a>t a∗ ≥ 15‖a∗‖22.
For the right side, follows similar lines to the left side, we have
a>t+1a
∗ =
(
1− ηa (pi − 1)
2pi
)
a>t a∗ +
ηa (g (φt)− 1)
2pi
‖a∗‖22 +
ηa
2pi
((
1>a∗
)2 −1>a∗1>at)
≤
(
1− ηa (pi − 1)
2pi
)
a>t a∗ + ηa
pi − 1
2pi
‖a∗‖22 + ηa
3
2pi
(1>a∗)2
≤
(
1− ηa (pi − 1)
2pi
)t+1
a>0 a
∗ + ‖a∗‖22 +
3
pi − 1(1
>a∗)2.
Note that a>0 a∗ ≤ 2‖a∗‖22. Thus, for all t, a>t+1a∗ ≤ 3‖a∗‖22 +2(1>a∗)2.
B.3 proof of Theorem 10
B.3.1 Proof of Lemma 11
Proof. Note that ‖vt‖2 = ‖v∗‖2 = 1, according to Proposition 16, the gradient with respect to w can
be rewritten as
∇wL (wt , at) = −a
>
t a
∗
t (pi −φt)
2pi
(
I − vtv>t
)
v∗.
Then we have the following inequality.
〈−∇wL(wt , at),w∗ −wt〉 = 〈−∇wL(wt , at),v∗ − vt〉
=
a>t a∗t (pi −φt)
2pi
(
1− (v>t v∗)2
)
≥ m
4
(1− v>t v∗)
=
m
8
‖w −w∗‖22.
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B.3.2 proof of Theorem 10
Proof. First, we bound the norm of the gradient as follows
‖∇wL (w,a)‖22 =
(a>a∗)2 (pi −φ)2
4pi2
v∗>
(
I − vv>
)
v∗ ≤ M
2
4
(I − v>v∗)(I + v>v∗) ≤ M
2
4
‖v − v∗‖22.
Next we show that ‖vt+1 − v∗‖22 ≤ ‖v˜t+1 − v∗‖22. We first have the following two inequalities.
‖v˜t+1‖22 = ‖vt‖22 +
∥∥∥ηw∇wL (wt , at)∥∥∥22 ≥ 1.
v˜>t+1v
∗ = v>t v∗ + ηw〈−∇wL(wt + ξ,at + ),v∗ − vt〉 ≥ v>t v∗ > 0.
Thus, 0 < v>t+1v∗ ≤ 1. We then have
‖v˜t+1 − v∗‖22 = 1+ ‖v˜t+1‖22 − 2‖v˜t+1‖2v>t+1v∗
≥ 1+1− 2w>t+1w∗ = ‖vt+1 − v∗‖22.
Then the distance between w˜t+1 and w∗ is as follows.
‖vt+1 − v∗‖22 ≤ ‖v˜t+1 − v∗‖22 =
∥∥∥wt − ηw∇wL(at ,wt)−w∗∥∥∥22
= ‖vt − v∗‖22 +
∥∥∥ηw∇wL(at ,wt)∥∥∥22 − 2〈−∇wL(wt + ξ,at + ),v∗ − vt〉
≤ (1− ηwm4 + η
2
w
M2
4
)‖vt − v∗‖22 ≤ ‖vt − v∗‖22,
when ηw ≤ mM2 . Thus, φt ≤ φ0 ≤ 512pi. We prove the first part.
We then prove the second part. Using the same expansion as in Lemma 9, we get
a>t+1a
∗ =
(
1− ηa (pi − 1)
2pi
)
a>t a∗ +
ηa (g (φt)− 1)
2pi
‖a∗‖22 +
ηa
2pi
((
1>a∗
)2 −1>a∗1>at)
≥
(
1− ηa (pi − 1)
2pi
)
a>t a∗ + ηa
C2
2pi
‖a∗‖22.
Choose ηa < 2pipi−1 , such that 1 − ηa(pi−1)2pi < 1. If m ≤ a>t a∗ ≤ C2pi−1‖a∗‖22, the following inequality shows
that a>t a∗ increases over time.
a>t+1a
∗ ≥
(
1− ηa (pi − 1)
2pi
)
a>t a∗ + ηa
C2
2pi
‖a∗‖22 ≥ a>t a∗ ≥m.
If a>t a∗ ≥ C2pi−1‖a∗‖22, we show that this inequality holds for all t.
a>t+1a
∗ ≥
(
1− ηa (pi − 1)
2pi
)
a>t a∗ + ηa
C2
2pi
‖a∗‖22,
≥
(
1− ηa (pi − 1)
2pi
)
C2
pi − 1‖a
∗‖22 + ηa
C2
2pi
‖a∗‖22 =
C2
pi − 1‖a
∗‖22
Combine these two cases together, we have a>t+1a∗ ≥ min{m, C2pi−1‖a∗‖22} = m. The other side follows
similar lines in Lemma 9. Here, we omit the proof.
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B.4 Proof of Theorem 13
B.4.1 Proof of Lemma 12
Proof. Note that
‖wt −w∗‖22 ≤ δ ⇐⇒ cos(φt) ≥ 1−
δ
2
.
Moreover, we can bound g(φt) as follows
pi ≥ g(φt) = (pi −φt)cosφt + sinφt ≥
(
1− δ
2
)
pi = pi − δ
2
pi.
Thus we have the partial dissipativity of ∇aL.
〈−∇aL (w,a) , a∗ − a〉 = 12pi
(
1>a−1>a∗
)2
+
1
2pi
((pi − 1)a− (g (φ)− 1)a∗)> (a− a∗)
=
1
2pi
(
1>a−1>a∗
)2
+
1
2pi
(pi − g (φ))a∗> (a− a∗) + pi − 1
2pi
‖a− a∗‖22
≥ pi − 1
2pi
‖a− a∗‖22 − δ/5.
B.4.2 Proof of Lemma 14
Proof. First, we bound the norm of the gradient as follows
‖∇wL (w,a)‖22 =
(a>a∗)2 (pi −φ)2
4pi2
v∗>
(
I − vv>
)
v∗ ≤ M
2
4
(I − v>v∗)(I + v>v∗) ≤ M
2
4
‖v − v∗‖22
We next show that ‖wt+1 −w∗‖22 ≤ ‖w˜t+1 −w∗‖22. We first have the following inequality.
‖w˜t+1‖22 = ‖wt‖22 +
∥∥∥η∇wL (wt , at)∥∥∥22 ≥ 1.
Since we have w>t+1w∗ ≤ 1, we show that ‖v˜t+1 − v∗‖22 ≤ ‖vt+1 − v∗‖22.
‖v˜t+1 − v∗‖22 = 1+ ‖w˜t+1‖22 − 2‖w˜t+1‖2w>t+1w∗
≥ 1+1− 2w>t+1w∗ = ‖vt+1 − v∗‖22.
Then the distance between w˜t+1 and w∗ is as follows.
‖vt+1 − v∗‖22 ≤ ‖v˜t+1 − v∗‖22 =
∥∥∥wt − η∇wL(at ,wt)−w∗∥∥∥22
= ‖wt −w∗‖22 +
∥∥∥η∇wL(at ,wt)∥∥∥22 − 2〈−∇wL(w+ ξ,a+ ),w∗ −w〉
≤ (1− ηm
4
+ η2
M2
4
)‖vt − v∗‖22.
So we have for any t,
‖vt − v∗‖22 ≤ (1− η
m
4
+ η2
M2
4
)t‖v0 − v∗‖22.
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Thus, choose η ≤ m2M2 = O˜( 1k2 ), and after t ≥ τ21 = 4mη log 4δ iterations, we have
‖vt − v∗‖22 ≤ δ,
which is equivalent to
‖wt −w∗‖22 ≤ δ.
B.4.3 Proof of Lemma 15
Proof. The proof follows similar lines to that of Lemma 14. By the partial dissipativity of La, we
have
‖at+1 − a∗‖22 = ‖at − a∗‖22 − 2〈−ηEξ,∇aL (wt , at) , a∗ − at〉
+
∥∥∥η∇aL (wt , at)∥∥∥22
≤
(
1− ηpi − 1
pi
+ η2
(k +pi − 1)2
pi2
)
‖at − a∗‖22 +2η2δ2/25+2ηδ/5
≤ (1−λ2)‖at − a∗‖22 +
4
5
ηδ
≤ (1−λ2)t+1‖a0 − a∗‖22 +
b2
λ2
.
where λ2 = η pi−1pi − η2 (k+pi−1)
2
pi2 and b2 =
4
5ηδ. Take η ≤ 5pi
2
4(k+pi−1)2 , and then λ2 ≥
η
4 . When t ≥ τ22 =
4
η log
‖a0−a∗‖22
δ = O˜(
1
η log
1
δ ), we have
‖at − a∗‖22 ≤ 5δ.
C Experimental Settings
The output weight a∗ in the teacher network is chosen as in Table 2.
The trajectories in Figure 5 are obtained with a initialized at
a0 =[−0.1268,−0.1590,−0.1071,−0.1594,−0.4670,0.1563,0.1894,−0.2390,−0.0602,
− 0.5047,0.0325,−0.0886,0.1514,−0.0883,−0.0243,0.1198,−0.2805,0.0024,
− 0.0855,0.0742,−0.0976,−0.1768,0.1207,0.0049,0.1809].
26
k (a∗)>
16 [1, . . . ,1︸ ︷︷ ︸
9
,−1, . . . ,−1︸     ︷︷     ︸
7
]
25 [1, . . . ,1︸ ︷︷ ︸
14
,−1, . . . ,−1︸     ︷︷     ︸
11
]
36 [1, . . . ,1︸ ︷︷ ︸
19
,−1, . . . ,−1︸     ︷︷     ︸
16
,0]
49 [1, . . . ,1︸ ︷︷ ︸
26
,−1, . . . ,−1︸     ︷︷     ︸
22
,0]
64 [1, . . . ,1︸ ︷︷ ︸
34
,−1, . . . ,−1︸     ︷︷     ︸
30
]
81 [1, . . . ,1︸ ︷︷ ︸
43
,−1, . . . ,−1︸     ︷︷     ︸
38
]
100 [1, . . . ,1︸ ︷︷ ︸
52
,−1, . . . ,−1︸     ︷︷     ︸
47
,0]
Table 2: Output weight a∗.
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